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Abtract: In this paper, a quantitative measure criterion has been proposed for the selection of dominant 
eigenvalues, which determine both transient and steady-state information of the dynamical system.  These 
dominant eigenvalues are used to form a new substructure matrix that retains the dominant modes (or may 
desirable mode) of the original system.  Retention of dominant eigenvalues in a reduced model guarantees 
stability and allow greater accuracy since the retained eigenvalues provide a physical link to the original system. 
The proposed method is accomplished by system transformation using Sylvester equation, taking into account to 
preserve the dominant eigenvalues of the original model.  Having obtained transformed model, the reduced model 
is achieved by truncating the non-dominant eigenvalues using the singular perturbation approximation method.  
The effectiveness of the proposed method is verified through numerical test examples and compared with other 
well-known published methods. 
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1. Introduction 

A variety of science and engineering applications are expressed by complex, high-order models that are difficult to 
analyze, control and design. Simpler models are easier to inspect for physical insights than the more complex and 
can lead to lower-order controllers that are easier to implement. The basic motivation behind various model 
reduction methods is to find an appropriate low-order model, such that it preserves input-output behavior and 
essential properties of the original system with minimum error as possible. 
Various investigations have been carried out and model order reduction methods are suggested in order to maintain 
the system accuracy and simplicity; for overviews see [6,13,20]. Reduction methods based on eigenvalues of the 
system [4,11,12,14,25] maintain the interest because of their low computational cost and appropriate for large-scale 
systems. The first reduction approach using state space was the modal analysis of Davison [12]. Mainly, it retains 
the dominant eigenvalues and corresponding eigenvectors of the system. Several modifications of this approach 
have been subsequently presented in [10,14]. Skelton proposed component cost analysis method which minimizes 
the cost function. The trace of the output covariance is referred as the cost function. Since this method requires 
computation of the cost components of the solution of Lyapnov equation which is not applicable to a large-scale 
system. Later, Lastman et al. [17] introduced a similar method to the component cost analysis of Skelton which 
measures the impulse response energy of the system. But the computation cost involved to solve the matrix is very 
complex and the eigensolution of assigned metrics is different for the complex conjugate pair. Vishwakarma 
proposed a method based on Hankel matrix, which converts this matrix into the Hermit normal form. However, the 
major drawback of this method is that it may leads instability in the reduced model [35]. Varga [34] suggested a 
method that decomposes the original model into a number of sub-systems in the balanced form. Every sub-system 
has eigenvalues with largest Hankel singular values (square root of the product of the controllability and 
observability gramians), are considered as the dominant pole. Rommes using the dominant poles of the system’s 
transfer function where the corresponding residue over the real part of the eigenvalue measure the dominance 
[24,25].  Saadvanti et al. suggested modified dominant pole algorithm that can be applied to second order delay 
system [26]. Tiwari 𝑒𝑡 𝑎𝑙. [32,33] using the concept of the dominant pole for the selection of poles in clustering 
technique, but the problem arises for the system having complex poles. 
For dynamic system modeling for any application, it is important to achieve accuracy with minimal complexity. 
Many studies developed metrics to preserve the input-output behavior of the original system. Keeping the original 
substructures in the reduced model gives important physical characteristics as presented by [21,23]. The various 
error minimization techniques use the concept of dominant pole retention[1,2,5]. In these methods, the poles nearest 
to the jω axis that is with large time constants are usually considered as dominant pole of the system.   Though, most 
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of the time these methods may give better results but still it has major issues such as the slow modes may not be 
dominant or all poles may have similar time constants  and the application of such a measure to complex poles is not 
easy to understand [30].The difficulties faced by existing methods is to detect structural non-minimal that is, 
eigenvalues which are controllable and observable. Aguirre [4] proposed a method based on the unit-step response 
to measure the model dominance for linear systems. The objective of this paper is to retain the dominant dynamic 
frequencies in reduced model to improve the accuracy in reduced model using the singular perturbation 
approximation technique [15,28]. 
 
This paper presents a quantitative measure of model dominance for the selection of eigenvalues to form the new 
sub-system model. The proposed method is executed by transforming the state matrix in a structured form,  so that it 
consider dominant eigenvalues in decreasing order. The remaining model transformation matrices are computed by 
solving the Sylvester equation. After obtaining the transformed model, the reduced model is computed by truncating 
the non-dominant eigenvalues with the help of singular perturbation approximation method. Due to the selection of 
the importance of the poles the accuracy of the reduced order model is improved, and also reduced model leads to 
better approximations in both transient and steady-state responses. To evaluate the accuracy and efficiency of the 
proposed method, the results obtained are compared with other existing methods.  

 
2. Problem Formulation 

Let us consider the input-output relationship of a linear time-invariant system of order ′𝑛′ is given as 

( )
= 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡),   𝑡 > 0, 𝑥(0) = 𝑥                                   (1a) 

𝑦(𝑡) = 𝐶𝑥(𝑡) + 𝐷𝑢(𝑡),   𝑡 ≥ 0                                                     (1b) 

Here, the state 𝑥 has dimension 𝑛, and there are 𝑚 inputs and p outputs. That is, 𝑥(𝑡) ∈ ℝ ×  , 𝑢(𝑡) ∈ ℝ ×   and 
𝑦(𝑡)  ∈ ℝ ×   for all time instants 𝑡 ∈ ℝ .  

Let 𝑃 be an 𝑛 × 𝑛 nonsingular matrix with coefficients in the field of complex number 𝒞. Let �̅�(𝑡) be a column n-
vector defined by 

�̅�(𝑡) = 𝑃𝑥(𝑡)                                                                             (2) 

It is easy to show that �̅�(𝑡) satisfy the equations 

( )
= �̅�𝑥(𝑡) + 𝐵𝑢(𝑡)                                                                  (3a) 

𝑦(𝑡) = 𝐶̅𝑥(𝑡) + 𝐷𝑢(𝑡)                                                                 (3b)  

where �̅� = 𝑃𝐴𝑃 , 𝐵 = 𝑃𝐵 and 𝐶̅ = 𝐶𝑃    

From equation (3) it concludes that the �̅�(𝑡) also qualifies as a state vector for a given system. State model (3) is 
said to be equivalent to the model (1) and 𝑃 is an equivalent or similarity transformation.  It is important to note that 
the system model in equation (1) and (3) have the identical input-output behaviour, i.e. have the same eigenvalues 
(poles). For obtaining low order model unnecessary dynamics are truncated from the transformed model.   

In system order reduction, the objective is to obtain a reduced order model of LTI system, 

( )
= 𝐴 𝑥(𝑡) + 𝐵 𝑢(𝑡),   𝑡 > 0   𝑥 (0) = 𝑥                                                 (4a) 

𝑦 (𝑡) = 𝐶 𝑥 (𝑡) + 𝐷 𝑢(𝑡), 𝑡 ≥ 0                                                                    (4b) 
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of order 𝑟, 𝑟 ≪ 𝑛, which approximates 𝐺(𝑠), such that the important parameters of the high order model are 
preserved in the low order model with minimum error. 

3. Proposed Reduction Method  

This section categorizes into two parts to describe the procedure to obtain the reduced model. The first step is used 
to determine the dominant poles (eigenvalues) of the system mode and the second part consists of model 
transformation through the solution of Sylvester equation. The reduction method of LTI system proceeds through 
the following steps: 

Step 1: Quantitative measure of dominant eigenvalues of the large-scale system. 

The concept of pole dominance is used for the structural arrangement of the system model and to be retained in the 
reduced model. The relative dominance of all poles in the high-order system is measured by modal dominance index 
(MDI) [4]. The transfer function matrix of the system model (1) is defined as  

𝐺(𝑠) = 𝐶(𝑠𝐼 − 𝐴) 𝐵 + 𝐷                                                          (5) 

 It is assumed that the 𝐺(𝑠) has no repeated roots and expressed in the form of partial expansion as 

𝐺(𝑠) =
( )

( )
= ∑                                                                (6) 

𝐺(𝑠) =
( )

+ ⋯ +
( )

+
( )

+
∗

( ∗ )
+ ⋯ +

( )
+

∗

( ∗ )
          (7) 

Or 

𝐺(𝑠) =
( )

+ ⋯ +
( )

+
( ∗ ) ( ∗ ∗ )

( )( ∗ )
+ ⋯ +

( ∗ ) ( ∗ ∗ )

( )( ∗ )
                (8) 

where 𝑅  is the 𝑖  residue corresponding to the pole 𝜆 , the asterisks (*) represents the complex conjugate, 𝑘 and 𝑞 
are the number of real poles and conjugate pairs respectively, hence 𝑛 = 𝑘 + 2𝑞. Also assume that 𝑅𝑒(𝜆 ) < 0 ∀ . 

The 𝑖   weighted residue is defined as 𝜌  

𝜌 = −     𝑖 = 1,2, … , 𝑘                                                          (9) 

𝜌 = −
( ∗ ∗ )

∗                                                          (10) 

It is important to note in equation (10) that the complex conjugate poles have equal indices.  A large weighted 
residue ‘𝜌 ’ indicate that the corresponding 𝑖  pole 𝜆  has highest dominant pole of the system, i.e., pole that is well 
observable and controllable in the transfer function. In the Bode magnitude plot the peaks arises at  the frequency 
which are close to the imaginary parts of the dominant pole[19,33]. Let us consider a system of order 𝑛, if 𝜌  has the 

highest magnitude value, then the term  is the most significant term and – λ3 is considered as the most dominant 

pole. If 𝜌  has the second highest magnitude value, then the term  is the second significant term and – λ2 is 

considered the second dominant pole and so on. The poles are sorted in decreasing weighted residue, i.e., 

𝜌  ≥ 𝜌 ≥ 𝜌 ≥ ⋯ ≥ 𝜌                                                             (11) 

Let us say 𝜆 , 𝜆 , . . . , 𝜆  are the corresponding 𝑛 dominant poles of the transfer function with their relative 
significance.  

The model dominance index is defined from the 𝑖  input to 𝑗  output can be obtained as by computing 
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𝑑𝑖𝑎𝑔 𝜎   𝜎 …  𝜎 = −𝑅𝑒[𝐶̅ 𝐵 �̅� ]                                               (12) 

Where 𝑅𝑒[. ] represents the real part and 𝑖 = 1,2,3, … , 𝑣 & 𝑗 = 1,2,3, … , 𝑢 

�̅� = 𝑉 𝐴𝑉 

𝐶̅ = 𝑑𝑖𝑎𝑔[𝑐̅  𝑐̅ … 𝑐̅ ] 

𝑐 𝑉 = [𝑐  𝑐 … 𝑐 ] 

𝐶 = [𝑐  𝑐 … 𝑐 ]  

𝐵 = 𝑑𝑖𝑎𝑔[𝑏   𝑏 … 𝑏 ] 

𝑉 = [𝑣   𝑣 … 𝑣 ]                                                                  (13) 

where 𝑉 is the modal matrix whose ith column is the eigenvector 𝑣  of A and 𝑑𝑖𝑎𝑔[. ] is the diagonal matrix with 
indicated element. Hence the following result holds. 

The knowledge of dominant modes of the system is important because sometimes it is desirable to retain dominant 
eigenvalues in the reduced model. This is advantageous since it guarantees the stability in the reduced model [29]. 
Additionally, various reduction methods used for multivariable systems usually require prior information of 
dominant eigenvalues to be retained in the reduced model is crucial [3]. 

Step 2: Structure preservation in reduced order model 

The main motivation of Structure preservation in low order model is to maintain the dominant frequencies of the 
original model. Hence, in order to preserve dominant dynamic eigenvalues in the reduced model, the transformed 
state matrix is formulated as:   

�̅� =
Λ 0
0 Λ

                                                                              (14) 

 where Λ  is a diagonal matrix which involves the 𝑛  dominant and Λ  is the 𝑛  non-dominant eigenvalus of the 
high order system. The eigenvalues (real or complex) are arranged in the diagonal, as 𝜆  (𝑖 = 1,2, . . 𝑘) real poles and 
𝛼 ± 𝛽  complex poles, hence 𝑛 = 𝑘 + 2𝑞. It is important to note that for the arrangement of eigenvalues in state 
matrix structure is done on the bases of weighted residue criterion. Therefore, based on equation (14) the model 
truncation is performed so that the non-dynamic dominant modes are removed.  

To proceed with the transformation equation (3), it holds the following condition: 

�̅� = 𝑃𝐴𝑃                                                                         (15) 

The matrix 𝑃 is computed using the Sylvester equation, written as [7] 

𝐴𝑋 + 𝑋𝐵 = 𝐶                                                                    (16) 

where 𝐴 ∈ ℝ ×  , 𝐵 ∈ ℝ ×   and 𝐶 ∈ ℝ ×  are given matrix., there exists a unique solution if and only if the 
eigenvalues 𝑎 , 𝑎 , … , 𝑎  of 𝐴 and 𝑏 , 𝑏 , … , 𝑏  of 𝐵statisfy 𝑎 + 𝑏 ≠ 0, 𝑖 = 1,2, … , 𝑛 ; 𝑗 = 1,2, … , 𝑚. To compute 
the solution of 𝑃, equation (15) is written in the following format: 

𝑃𝐴𝑃 − �̅� = 0                                                                 (17) 
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Now, by using the Sylvester equation in the equation (16), equation (17) is modified in such a way that these two 
equations are similar; thus, equation (10) is modified as: 

𝑃𝐴𝑃 − �̅� = ∆                                                                  (18) 

where ∆ is matrix contains very small numbers. Multiplying matrix 𝑃 in equation (18) both sides and written as  

𝑃𝐴 − (�̅� + ∆)𝑃 = 0                                                              (19) 

By comparing equation (16) and (19) and fitted into the Sylvester equation by assigning 𝑋 = 𝑃, 𝐴 = −�̅� + ∆  
and 𝐵 = 𝐴. And matrix 𝐶 is set zero, which fail to comply with the Sylvester equation restrains. In order to avoid 
this problem, all of the entries in C are set to almost zero (i.e. , 𝜀 =  3 ×  10 ), which has no significant effect on 
the intended solution [8]. To find the solution of Sylvester equation, the proposed method uses Schur reduction to 
triangular form by orthogonal similarity transformation [7].  The matrix 𝐴 is reduced to lower real Schur form 𝐴′ by 
an orthogonal similarity transform 𝑈; that is 𝐴is reduced to the real, block lower triangular form. 

𝐴 = 𝑈 𝐴𝑈 =

⎣
⎢
⎢
⎡
𝐴 0 ⋯   0
𝐴 𝐴 …   0

⋮
𝐴

⋮
𝐴

  ⋱
   …

0
𝐴 ⎦

⎥
⎥
⎤
                                                 (20) 

where each matrix 𝐴 if of order at most two. Similarly 𝐵 is reduced to upper real schur form by the orthogonal 
matrix 𝑉: 

𝐵 = 𝑉 𝐵𝑉 =

⎣
⎢
⎢
⎡
𝐵 𝐵 … 𝐵

0 𝐵 … 𝐵

⋮
0

⋮
0

…
0 

⋮
𝐵 ⎦

⎥
⎥
⎤

                                                  (21) 

𝐶 = 𝑈 𝐶𝑉 =

𝐶 … 𝐶

⋮ … ⋮
𝐶 … 𝐶

                                                             (22) 

and                     𝑋 = 𝑈 𝑋𝑉 =

𝑋 … 𝑋

⋮ … ⋮
𝑋 … 𝑋

                                                           (23) 

Then, equation (16) can be rewritten as 

𝐴 𝑋 + 𝑋 𝐵 = 𝐶′                                                                    (24) 

which can be expanded to give 

⎣
⎢
⎢
⎡
𝐴 0 ⋯   0
𝐴 𝐴 …   0

⋮
𝐴

⋮
𝐴

  ⋱
   …

0
𝐴 ⎦

⎥
⎥
⎤ 𝑋 … 𝑋

⋮ … ⋮
𝑋 … 𝑋

+   

𝑋 … 𝑋

⋮ … ⋮
𝑋 … 𝑋

⎣
⎢
⎢
⎡
𝐵 𝐵 … 𝐵

0 𝐵 … 𝐵

⋮
0

⋮
0

…
0  

⋮
𝐵 ⎦

⎥
⎥
⎤

=

𝐶 … 𝐶

⋮ … ⋮
𝐶 … 𝐶

       (25) 

If the partition of 𝐴 , 𝐵 , 𝐶 and 𝑋′ are conformal, then 

𝐴 𝑋 + 𝑋 𝐵 = 𝐶 − ∑ 𝐴 𝑋 − ∑ 𝑋 𝐵                                (26) 
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These equations may be solved successively for𝑋 , 𝑋 , … , 𝑋 , 𝑋 , 𝑋 , …. The solution of equation (16) is then 

obtained by 𝑋 = 𝑈𝑋 𝑉 . 

After finding the solution of Sylvester equation (16), the transformation matrix (𝑋 = 𝑃) in computed and new 
transform system matrix are computed as �̅� = 𝑃𝐴𝑃 , 𝐵 = 𝑃 𝐵, 𝐶̅ = 𝐶𝑃 and 𝐷 = 𝐷. This transform state matrix 
has the eigenvalues place according to their dominance into the system characteristics. 

Singular perturbation approximation method is used in order to truncate the non-dominant eigenvalues to obtain the 
reduced model.  It performs on the basis of decomposition of fast and slow dynamic modes of the original system 
[16]. The approach is applicable to the systems that can be decoupled a priori into two subsystems: slow (𝑥 (𝑡)) and 
fast (𝑥 (𝑡)). The fast modes in singularly perturbed systems generally reach their steady state in small time as 
compared slow modes. Therefore, the slow modes “dominate” the response of the system [18].  This fact allows the 
system to be described in a state representation as:  
 

𝑥 (𝑡)
𝑥 (𝑡)

=
𝐴 𝐴
𝐴 𝐴

𝑥 (𝑡)
𝑥 (𝑡)

+
𝐵
𝐵

𝑢(𝑡)                                                      (27a) 

 𝑦(𝑡) = [𝐶 𝐶 ]
𝑥 (𝑡)
𝑥 (𝑡)

+ 𝐷𝑢(𝑡)                                                                   (27b) 

where,  𝑥 ∈ ℝ  
, 𝑥 ∈ ℝ  . Compute the reduced model by SPA is obtained by the following formulae:  

𝐴 = 𝐴 − 𝐴 𝐴 𝐴                                                     (28a) 
𝐵 = 𝐵 − 𝐴 𝐴 𝐵                                                        (28b) 
𝐶 = 𝐶 − 𝐶 𝐴 𝐴                                                         (28c) 
𝐷 = 𝐷 − 𝐶 𝐴 𝐵                                                           (28d) 

The resulting reduced model satisfy the absolute error bound  

‖𝐺(𝑠) − 𝐺 (𝑠)‖∞ ≤ 2 ∑ 𝜎                                                       (29) 

Liu and Anderson [18] showed that the same frequency error bound (29) is obtained when a SPA of an internally 
balanced system is performed. SPA allows for matching the steady state gain of the original model at the desired 
frequency 𝑠 = 𝑠 , and selecting 𝑠 = 0, corresponds to singular perturbation, whereas selecting 𝑠 = ∞ 
correspond to direct truncation [16,18]. 

4. Simulation and Results 

In this section, two test examples are provided to evaluate the efficiency of the proposed method, where a step-by-
step procedure is given for the first test system. 
 
Test Example 1: Consider the 10 -order Phillips-Heffron model of single-machine infinite bus (SMIB) power 
system having two-input two-output is shown in figure 1 [21,22,27]. The system consists of a 3-phase 160-MVA 
synchronous machine with automatic excitation control system i.e. a standard IEEE type-I exciter with rate feedback 
and power system which defined the total operating system as well as the operating point are given in Ref [22]. The 
block diagram of the Philips–Heffron model shown in figure 1 with system parameters described in table 1. Based 
on the state variables shown in figure 1 and the values of the parameters and the operating point, the system of 
figure 1 (without accounting for the limiters) is expressed in state-space form as: 

𝑑𝑥(𝑡)

𝑑𝑡
= 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) 

𝑦(𝑡) = 𝐶𝑥(𝑡) + 𝐷𝑢(𝑡) 
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where, the sate matrix (𝑥), control matrix (𝑢) and output matrix are defined as : 

𝑥 = [𝐸   𝜔 𝛿 𝜗   𝜗   𝜗   𝜗   𝜗   𝜗    𝐸 ] 

𝑢 = [∆𝑉   ∆𝑇 ] 

 

Figure 1: Block diagram of Philips-Heffron of SIMB power system 

Table 1: Philips-Heffron of SIMB power system parameters 

Symbols Parameters Description 
𝛿, 𝜔, 𝑉 , 𝑃, 𝑄 Synchronous machine torque angle, speed, terminal voltage, active and reactive power. 
𝐻, 𝑇 , 𝑇 , 𝑇  Synchronous machine inertia constant, accelerating, electrical and mechanical torque. 

𝐾 , 𝐾 , 𝐾 , 𝐾 , 𝐾  Synchronous machine linear model parameters 

𝑅 , 𝑋  Equivalent resistance and reactance of external system. 

𝐾 , 𝑆 , 𝜏  Self-excited field constant, saturation function, time constant of exciter. 
𝐸 , 𝐸 , 𝜏  Voltage proportional to d-axis flux linkage, field voltage, open circuit time constant. 

𝐾 , 𝜏  Rate feedback gain and time constant. 

𝐾 , 𝜏 ,𝑉  Regulator gain, time constant and output voltage. 

𝐾 , 𝜏  Transducer/filter gain and time constant. 
𝐾 , 𝜏 , 𝑉  Speed gain, reset time-lag constant, stabilizer output voltage. 

𝜏 , 𝜏 , 𝜏 , 𝜏  Lead and lag time constants of the power system stabilizer. 
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-0.5517      0      -0.3091      0      0      0         0       0       0      0.1695

-0.041        0      -0.0305      0      0      0         0       0       0          0

    0       314.16      0 

A=

           0      0      0         0       0       0          0

9.554         0      -0.866     -20      0      0         0       0       0          0

    0           0          0            0     -1      0         0       0   0.0421 -0.0328

-0.1962  10.87   -0.1672      0       0   -10.87    0       0       0          0

-0.9386  51.985 -0.7999      0       0  -41.115 -10.87  0       0          0

-0.9386  51.985 -0.7999      0       0  -41.115 -10.87 -0.1    0          0

     0          0          0        -1000 -1000   0         0     1000  -20        0

     0          0          0            0      0        0         0       0    1.052 -0.821

 
 
 
 
 
 
 
 
 
 
 
 
 
 
    

0            0

0       0.0926

0            0

0            0

0            0
B=

0       0.4428

0       2.1179

0       2.1179

1000       0

0            0

 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

, 

0         0.0926

0 0

0 0

0 0

0 0

0          0.4424

0          2.1179

0          2.1179

1000 0

0 0

T

C

 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

and 𝐷 =
0 0
0 0

. 

The eigenvalues of the system models are 𝜆 = −0.1006,  𝜆 , = −0.2857 ± 2.8929𝑖,  𝜆 , = −0.8413 ±

1.4034𝑖,  𝜆 = −2.1481,  𝜆 = −9.6523,  𝜆 = −12.1948 and 𝜆 , = −18.9311 ± 2.0250𝑖.  Using equation (12) 

the weighted residuals of the given model was determined for each input-output pair shown in Table . The results 
listed in Table 3 where the superscripts indicate the respective input-output path. The eigenvalues were listed in 
order of decreasing values of weighted residue.  

Table 2: Weighted contribution of eigenvalues of the system model 
 𝝀𝟒,𝟓 𝝀𝟔 𝝀𝟐,𝟑 𝝀𝟕 𝝀𝟖 𝝀𝟏 𝝀𝟗,𝟏𝟎 

|𝝆𝟏𝟏| 2.8092 1.7028 0.7267 0.0024 0.0012 0.0137 0.0006256 
|𝝆𝟏𝟐| 0.2768 0.1643 0.0172 0.0172 0.0105 0.0158 0.0002422 
|𝝆𝟐𝟏| 1.0453 0.9703 0.0092 0.0092 0.0069 0.0055 0.0086 
|𝝆𝟐𝟐| 0.0103 0.0936 0.0623 0.0662 0.0623 0.0063 0.0036 

 

Observing the dominant eigenvalues of the system model and arrange in the transformation matrix �̅� in such a way 
that, the eigenvalues are placed in a decreasing order of their dominance. Therefore, based on the equation (14) the 
transformation matrix computed as: 

-0.2857  2.9829  0.0000 0.0000 0.0000 0.0000  0.0000  0.0000  0.0000  0.0000

-2.9829  -0.2827 0.0000 0.0000 0.0000 0.0000  0.0000  0.0000  0.0000   0.0000

0.0000 0.0000 -2.1481 0.0000 0.0000 0.0000  0.0

A 

000  0.0000  0.0000  0.0000

0.0000 0.0000 0.0000  -0.8413 1.4034 0.0000  0.0000  0.0000  0.0000  0.0000

0.0000 0.0000 0.0000  -1.4034 -0.8413 0.0000  0.0000  0.0000  0.0000  0.0000

0.0000 0.0000 0.0000   0.0000  0.0000  -9.6523 0.0000  0.0000  0.0000  0.0000

0.0000 0.0000 0.0000  0.0000  0.0000  0.0000 -12.1948 0.0000 0.0000  0.0000

0.0000 0.0000 0.0000  0.0000  0.0000  0.0000  0.0000  -18.9311 2.0250  0.0000

0.0000 0.0000 0.0000   0.0000  0.0000  0.0000 0.0000  -2.0250 -18.9311 0.0000

0.0000 0.0000 0.0000  0.0000  0.0000  0.0000  0.0000   0.0000  0.0000  -0.1001
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Now, based on the proposed method for the solution of Sylvester equation, the transformation matrix 𝑃 is calculated 
as:

 

0.090 -0.021 0.349 0.172 0.203 0.655 -76.262 0.043          0.052 0.125

0.005 -0.004 0.002 -0.001 0.001 0.002 -0.241 0.000          0.000 0.000

-0.418 -0.451 -0.356 -0.270 -0.129 -0.074 6.209 0.001          0.001 -0.087

0.072

P 

0.007 0.207 0.093 0.125 0.629 -94.038 0.388         -0.091 0.073

-0.053 -0.007 -0.195 -0.043 -0.197 -1.611 228.711 -0.258        -0.255 -0.035

0.012 0.002 0.004 0.002 0.001 -0.059 -8.533 -0.001        -0.001 0.001

0.072 0.046 0.060 0.047 0.059 2.129 -305.562 -0.053        -0.089 0.049

0.072 0.047 0.060 0.048 0.060 2.151 -308.088 -0.053        -0.090 0.112

9.394 6.470 8.768 5.117 13.628 313.474 -56726.608 128.114     102.247 9.376

-1.097 -0.043 -3.628 1.056 -3.022 -36.203 5249.858 -6.195       -6.062 -0.717

 
 
 
 
 
 
 
 
 
 
 
 
 
 
    

By using the proposed method of order reduction the 3rd order reduced order model is obtained as: 

-0.2857 2.9829 0.0000

-2.9829 -0.2827 0.0000

0.0000 0.0000 -2.1481
rA

 
   
  

0.09184 0.1421

-0.000324 0.1464

-2.448    0.2362 
rB

 
   
  

32.35  -45.16  -1.462

0.5361   5.28 0.8483rC
 

  
 

and 
-5.627  -0.5581

2.105 0.01547rD
 

  
   

 
Figure 2: Step response of original and different reduced-order model for 𝑮𝟏𝟏(𝒔) of Test Example 1 
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Figure 3: Step response of original and different reduced-order model for 𝑮𝟏𝟐(𝒔) of Test Example 1 

 
 
 

Figure 4: Step response of original and different reduced-order model for 𝑮𝟐𝟏(𝒔) of Test Example 1 
 
 

 
 

Figure 5: Step response of original and different reduced-order model for 𝑮𝟐𝟐(𝒔) of Test Example 1 
 

From the simulation results shown in Figure 2-5, it is clear that the 3  order reduced model obtained by the 
proposed method is very close to the original system, with respect to [21,22,27], optimal Hankel norm 
approximation (HSV) and balanced truncation (BT) [31] methods, respectively for the same unit step input. Further, 
the comparison of time domain specifications between various 3rd-order models with original model of power 
system is presented in Table 2.  It is distinctly ascertained that the specification of the obtained model computed by 
the proposed method is close to the specification of the full order model as compared to other methods. 
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Table 2.Quantitative Comparison between various reduced-models for Test Example 1 
 

Methods of 
order reduction

ISE 
Steady state 

value 
Overshoot 

(%) 
Rise time 

(Sec.) 

Settling 
Time 
(Sec.) 

[𝑮𝟏𝟏] 
Original Model − −2.45 88.10 0.55 12.50 

Proposed method 1.13 −2.45 126.00 0.38 11.50 
Multi-objective PSO[27] 5.51 −2.07 21.90 0.88 5.52 
Multi-objectoive DE[27] 5.45 −2.15 17.02 0.93 9.11 
Othman et al. (2014) [21] 10.43 −2.15 46.90 1.88 16.50 
Parmar et al. (2007) [22] 17.31 −2.18 123.00 0.20 18.80 

BT 124.60 −5.24 6.72 0.94 9.51 
HSV 75.44 −4.55 26.90 1.25 9.45 

[𝑮𝟏𝟐] 
Original Model − 0.98 47.30 0.78 6.77 

Proposed method 1.32 0.98 115.00 0.72 6.54 

Multi-objective PSO[27] 0.12 0.98 17.19 0.93 8.62 

Multi-objectoive 
DE [27] 0.12 0.98 15.58 0.90 0.92 

Othman et al. (2014) [21] 9.63 0.97 10.20 1.31 15.80 
Parmar et al. (2007) [22] 10.04 0.98 43.30 0.39 23.90 

BT 9.21 1.39 1.53 3.12 5.55 
HSV 2.15 1.83 7.90 1.31 6.36 

[𝑮𝟐𝟏] 
Original Model − 2.93 122.00 0.32 13.90 

Proposed method 1.66 2.92 94.40 0.35 13.90 
Multi-objective PSO[27] 212.05 2.61 0.00 22.31 39.20 
Multi-objectoive DE[27] 150.54 2.72 73.81 32.87 43.67 
Othman et al. (2014) [21] 0.72 2.56 93.30 1.98 15.80 
Parmar et al. (2007) [22] 1.32 2.54 92.90 0.32 18.70 

BT 2.92 3.63 82.40 0.37 14.00 
HSV 13.60 2.65 128.00 0.24 12.00 

[𝑮𝟐𝟐] 
Original Model − −0.087 572.00 0.224 12.20 

Proposed method 0.131 −0.087 285.00 0.101 14.20 
Multi-objective PSO[27] 0.131 −0.087 141.50 0.204 28.62 
Multi-objectoive DE[27] 0.114 −0.187 191.63 0.159 27.93 
Othman et al. (2014) [21] 0.184 −0.077 260.00 1.480 16.00 
Parmar et al. (2007) [22] 0.711 −0.076 822.00 0.039 14.20 

BT 0.625 −0.270 108.00 0.281 6.17 
HSV 1.609 0.179 154.00 0.066 12.10 

 
Test Example 2: In this test system, let us consider building model of Los Angeles University Hospital of 48  
order having 8 floors each of which has 3 degrees of freedom, viz. displacements in x and y directions, and 
rotation.[9]. 

By using the proposed method of order reduction, the 10th -order reduced model is obtained as 
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-0.262 5.230 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

-5.230 -0.262 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

0.000 0.000 -0.343 13.479 0.000 0.000 0.000 0.000 0.000 0.000

0.000 0.000 -13.479 -0.3430.000 0.000 0.000 0.0

rA 

00 0.000 0.000

0.000 0.000 0.000 0.000 -0.266 5.892 0.000 0.000 0.000 0.000

0.000 0.000 0.000 0.000 -5.892 -0.266 0.000 0.000 0.000 0.000

0.000 0.000 0.000 0.000 0.000 0.000 -0.354 14.232 0.000 0.000

0.000 0.000 0.000 0.000 0.000 0.000 -14.232 -0.3540.000 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 -0.564 24.509

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 -24.509 -0.564

 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 

2.04e-14

8.61e-15

2.97e-12

2.01e-12

-2.90e-13

-1.95e-13

4.41e-12

2.42e-12

-2.44e-10

-1.29e-10

rB

 
 
 
 
 
 
 

  
 
 
 
 
 
 
  

, 

1.01e+11

5.38e+10

5.30e+08

3.28e+08

-3.41e+09

-2.12e+08

2.46e+08

1.46e+08

-5.89e+06

-2.97e+06

T

rC

 
 
 
 
 
 
 

  
 
 
 
 
 
 
  

and [0]rD   

 

Figure 5: Time response of original and reduced-order systems for Test Example 2 

 

Table 3.Quantitative Comparison between various reduced-models for Test Example 2 
Methods of order 

reduction
ISE 

Steady state 
value 

Overshoot 
(%) 

Rise time 
(Sec.) 

Settling 
Time 

International Journal of Pure and Applied Mathematics Special Issue

2820



(Sec.) 

Original Model - 0.00 Infinity 0.000 12.957 

Proposed method 5.623× 10-9 0.00 2.81× 105 0.0012 12.900 

BT 1.427× 10-7 -8.629× 10-5 798.17 0.010 12.887 

HSV 1.451× 10-6 -0.00028 254.58 0.050 12.674 
 

From the simulation result of output response shown in Figure 5 with unit step input for Test Example 2, clearly 
demonstrated that the proposed method gives better accuracy than the BT and HSV reduction methods. The error 
(ISE) between original with different reduced models are also listed in Table 3, which indicate that the model 
obtained by the proposed method gives a minimum error and also time domain specifications are closer to the 
specification of the original system. 

5. Conclusion 

In this paper, weighted residues are used to provide a consistent quantitative measure of the model dominance of 
linear dynamical system. It is different from the classical approaches where only the time constants are used to 
specify the dominant poles, the new weight takes into account of dominant information related to the transient and 
steady-state response of the system. It has been shown that when determining the dominance of multivariable system 
it is important to verify for dominant modes in each input-output path. The reduction method is based on the state-
space model transformation into another state-space realization, taking into account the dominant critical 
frequencies. Sylvester equation is used to find the transformation of the system model. The proposed reduction 
method is performed with substructure preservation, keeping the dominant frequencies of the original system in the 
reduced model. The numerical results show that the accuracy obtained by proposed method better than the existing 
methods. 
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