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1 Introduction 
The taxation system plays an important role in 

the development of economic growth strategy of each 

state. The system of taxation of enterprises as an 

instrument of state regulation of economic and social 

processes should reflect the interests of the state, 

business, and citizens.  

Therefore, the question of the reforming of 

taxation for enterprises is one of the most important 

financial and economic problems today. The 

functioning mechanism of both the taxation system in 

general and its components requires improvement. 

The current taxation system is often 

characterized by high and uneven tax burden on the 

income of business entities. There are significant 

drawbacks in the methods for determining the base 

and the size of the taxation rates of enterprise income, 

as well as in the number of tax benefits [1]. 

Reducing the tax burden on business 

structures at the initial stage will lead to a decrease in 

tax revenues to the budget, but later the multiplier of 

their growth will act [2]. Hence the taxation reform 

must necessarily be supported by measures expanding 

the tax base. 

The solution of taxation problems requires 

considering Russian realities. In the works of Russian 

scientists, the problems of determining the level of 

taxation that would take into account the peculiarities 

of our economy have not been completely solved. This 

encourages to develop a theory, concept and 

approaches to modeling the processes of the tax 

burden determining [3]. 

The aim of the study is to build a 

mathematical model for determining the optimal tax 

rate for economic entities. 

 

2 Mathematical model of the 

optimal tax rate depending on the 

production output 
Let us consider a mathematical model that 

relates the company profit and the production output: 

             (1) 

where P – company profit; C – product unit 

price; N – the number of production units for a certain 

period; F – fixed costs; V – variable costs per a product 

unit. Then deductions to the budget from the profit 

will be as follows: 
     (2) 

where D – deductions to the budget from 

profit; x – tax rate. 

To determine the tax rate x, when the 

deductions to the budget are maximum, first of all, 

establish the relationship between the tax rate x and 

the output volume N. Let us consider three cases of 

such dependence separately: 

1) linear              (3) 

2) exponential                     (4) 

3) quadratic               (5) 

Let us suppose that unknown parameters α 

and β are determined based on the observation results, 

and the models adequately reflect the actual reality 

(each for a certain type of product). 

1. Let 
             (6) 

Then deductions to the budget will be as 

follows: 

      (        (         ))

                 
 (7) 

Since the derivative of the function D = D(x) 
                    (8) 

then      , if 

  
 

 
   

 

      
  (9) 

The point found is the maximum point of the 

function D = D(x), since 
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               (10) 

Then at a tax rate  

  
 

 
   

 

      
  the deductions to the budget will be 

maximum. 

2. If 

                   (11) 

then deductions to the budget can be expressed by the 

formula: 

                   (12) 

Since the derivative from the function D = D(x) 

                   (       ]     (13) 

then     , if 

                  
 

      
 (14) 

or 

       
         

      
 (15) 

Hence we obtain the following equation for 

determining the tax rate: 

 

  
 

   
   

         

      
  (16) 

Let us show that the resulting equation (16) 

has a unique solution that is contained in the interval 

(0,1). For it consider the right-hand side of the 

equation (16): 

 

   
 

   
   

         

      
 (17) 

If x = 0, then   
 

   
   

 

      
 . If x = 1, then 

  
 

   
. Since the derivative 

   
 

   
(

      

            
)    (18) 

then the function y increases on the interval 

[0,1] from 
 

   
   

 

      
  to 

 

   
 when x runs from zero 

up to one. In addition, if     , 1) then the second 

derivative of the function y is determined by the 

formula: 

 

 

    
       

                   
   

 

 (19) 

This means that the function y on the interval 

[0, 1] is convex (Figure 1). 

The equation (1) has a single root x0, which 

belongs to the interval (0,1). 

Since the second derivative of the function D = 

D (x) on the interval (0,1) 

                               

                 

                   

        (       )    

(20) 

then the supposed point of extremum x0 is the 

maximum point of the function D = D (x). 

Thus, if the root of equation (16) is a tax rate, 

the deductions to the budget will be maximum. 

3. Let 
              (21) 

Then 

      (         (          ))

                       
                  

 

(22) 

 

Let us find the derivative of a function D = 

D(x). Then 
              (23) 

Then     , if 

      
 

      
 (24) 

The positive root of this equation is the point 

   √
 

 
   

 

      
  (25) 

Apparently,          
Since for         the second derivative of the 

function D = D(x) 
                (26) 

then the point x0 is the maximum point of the 

function D = D(x). 

Consequently, at a tax rate  

   √
 

 
   

 

      
  budget revenues will be maximum. 

then the point x0 is the maximum point of the 

function D = D (x). 

 

 
Figure 1. Geometric interpretation of the equation solution existence, author's development 
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3 Mathematical model of the 

dependence of deduction amounts 

on the tax rate 
The Laffer curve is one of the recognized 

models, at a qualitative level allowing to understand 

the interdependence between the amount of the given 

combined tax rate (hereinafter - the optimal tax rate) 

and the volume of tax revenues. Its basis lies in the 

fact that with a gradual increase in the tax rate from 

zero, the amount of tax revenues increases at first, 

reaches a maximum, and with a further increase in 

the tax rate gradually decreases [4, 5]. 

To determine the optimal tax rate, the 

following mathematical model of the dependence of the 

deduction amounts on the tax rate was developed: 

                (27) 

where D(x) – the budget revenue from taxation; 

x(0≤x≤1) – the tax rate; λ, β, α (λ > 0, β > 0, α > 0) – 

parameters defining the shape of the curve. The model 

(27) is based on the dependence of the number of 

enterprises N working at the given combined tax rate 

x (hereinafter - the tax rate) in the form: 
           (28) 

but not as in the Laffer model N = λ(1 – x). It should 

be noted that the dependence (28) is more real. 

 

Let us show that there is such a unique value 

          when the function (27) reaches a 

maximum for any α > 0, β > 0. 

Since 

                          
              

 (29) 

then, to determine the point suggested as the 

extremum of the function D(x) we obtain the following 

equation 

 

                              
 

(30) 

or when 0 < x < 1 
               (31) 

From here on 

   
 

    
 (32) 

Hence, the supposed point of extremum of the 

function D(x) is the point 

      
 

    
 
 

 ⁄  (33) 

Apparently, for α > 0, β > 0 the point 

is found. 

In order to determine whether the point x = x0 

is the maximum point of the function D(x), it should be 

verified how the derivative changes its sign when 

passing through the point x0. 

Since for 0 < x < 1 the inequality is 

                (34) 

then it is sufficient enough to verify how the sign of 

expression 
             (35) 

when passing through the point x = x0. 

When  

   
   

    
 

 

    
 (36) 

we get 
               

  (  
   

    
)    

   

    
  

 
 

    
(                     )       (37) 

 

When 

   
   

    
 

 

    
 (38) 

we get 

            

  (  
   

    
)

   
   

    

 
 

    
(       

        )       
 

(39) 

Consequently, the derivative      at the point 

x = x0 changes sign from «+» to «–»,therefore the point 

x = x0 is the maximum point of the function D(x).  
 

4 Conclusion  

Mathematical modeling makes it possible to 

predict the course of events and development trends 

inherent in a managed system, to clarify the 

conditions of its existence and to establish the mode of 

operation considering the influence of various factors, 

and also to make predictions based on the models 

obtained. The tasks of planning economic activity and 

forecasting its results are the most difficult, due to the 

non-stationary nature of economic processes, the 

unstable state of the modern economy and many other 

reasons. 

This work solves the problem of definition of 

the tax rate of the enterprise profit, at which the 

deductions to the budget will be maximum in the case 

of various dependencies between the tax rate and 

output volume. The mathematical model for 

determining the optimal combined tax rate, based on 

the modification of the Laffer curve, in which tax 

revenues are maximum is constructed. The results 

obtained will be useful to the leading state bodies in 

the development of tax policy, which, on the one hand, 

would increase the tax revenue of the state, on the 

other hand, would not be an unbearable burden for 

business entities. 
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