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 Abstract 

The existing dynamic models of economic systems 

are essentially nonlinear. The solution of the model 

equations is connected with some mathematical 

difficulties. The paper suggests a new approach to a 

qualitative study of these equations in the general 

theory of dynamical systems. It also proposes the 

method for the reduction the economic models 

equations to the Hamilton equations, which allows 

applying of well-developed and efficient methods for 

studying Hamiltonian systems. A nonlinear 

dynamic model of the labor market is proposed, its 

equations are written in the Hamiltonian form. An 

economic-mathematical model of management of 

these processes is formed. 
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1 Introduction 
Recently, the studies of the system of economic 

and mathematical models for analyzing the economic 

development of countries are very intensive, including 

in Russia. Their practical application arises the 

problem of solving nonlinear systems of model 

equations, and their qualitative analysis. This 

requires the modernization of the existing approaches 

and methods, developing new ones, and systematic 

approach to the solution. 

A large number of monographs, scientific 

articles, and textbooks have been devoted to the 

problem in the domestic and world literature. Many 

works are conceptual, others are devoted to 

macroeconomic modeling [1-4]. In the practice of 

economic planning and forecasting in Russia, 

macroeconomic models are not used enough, therefore 

the research and application of them are relevant. 

The analysis of proceedings shows, that in 

existing models, either linear scheme or numerical 

integration is used to solve their equations, while 

qualitative analysis is used rarely. This is due to the 

fact that there are no approaches that would make it 

possible to use the latest methods of the qualitative 

theory of dynamical systems and nonlinear 

mathematics in the analysis of economic models and 

their practical application, as it is realized in 

mechanics, physics, biology, mathematical theory of 

catastrophes and other subject areas. 

The aim of the article is to develop approaches 

that would enable a qualitative study of the economic 

model of the labor market with the help of a 

qualitative theory of dynamical systems - an efficient 

and universal theory of Hamiltonian systems. 

 

2 Characteristics of the models of 

economic dynamics 
The development of new models of economic 

dynamics, their study and the study of existing models 

are one of the branches of the mathematical economy, 

which is being intensively developed recently. The 

analysis of economic problems with the use of 

dynamical models leads to the need to solve linear and 

nonlinear systems of equations. Economic dynamics is, 

in fact, a branch of the theory of dynamical systems, 

which is fully developed in the works of Poincare A., 

Birkhoff D., Lyapunova E.M., Andronova A.A. 

Methods of analysis of mechanics nonlinear models 

became the basis of the qualitative theory of 

differential equations and the nonlinear theory of 

dynamical systems, the methods of which can be used 

as a mathematical tool for studying models of 

economic systems. 

Many of the existing models of economic 

dynamics are reduced to the consideration of a system 

of two in the general case nonlinear differential 

equations: 

 

(1) 

where the time functions q1(t), q2(t) describe 

the state of the system, and the dot denotes the 

derivative of the time function t. 
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The system (1), when the functions q1(t), q2(t) 
are determined in the whole plane (q1, q2) (q1, q2 – are 

the coordinates) or in some set on the plane that meet 

the hypothesis of the theorem of existence and 

uniqueness of a solution, and is called autonomous 

dynamical system of the second order. 

There are models of economic dynamics that 

can be represented by a second-order differential 

equation: 

 
(2) 

It can be written in the form of system (1) if we 

denote  

 
P. Dyrak proved that an arbitrary system of 

differential equations can be written in the form of 

Hamiltonian equations. It is possible by introducing 

canonical variables by the method of doubling 

variables. The Hamiltonian formalism was created to 

solve problems of theoretical physics (initially 

mechanics) and is currently an effective theory for 

constructing exact and approximate solutions of 

systems of linear and nonlinear equations. The 

equations, that should be extremals of some 

variational problem are reduced to the Hamiltonian 

form, which, as a rule, is not presented in models that 

are not based on variational principles (the models of 

economics, biology, and others). But the method of 

doubling the Dirac variables allows us to write any 

system of equations in the Hamiltonian form. [5] There 

are examples of this method application in biology [6], 

in the dynamic theory of catastrophes [7] and others. 

Equations of economic dynamics (1) can also be 

written in the form of Hamiltonian equations, and 

then investigated using well-developed efficient 

methods of the nonlinear theory of Hamiltonian 

systems. 

Let us write the equation of economic 

dynamics (1) in the Hamiltonian form. Along with the 

variables q1, q2, we introduce the variables p1, p2 (the 

method of doubling the variables) and construct the 

Hamiltonian function: 

 
(3) 

Then the system of equations (1) can be 

written in the form of Hamiltonian equations: 

 

(4) 

Then, consider a system of nonlinear dynamic 

labor market model, which can be represented by 

systems of equations (1), (4). 

  

3 Nonlinear dynamic model of the 

labor market 
Models of the labor market were considered in 

many works, in [6; 8] in particular. 

Consider a model of salary and employment 

changes in the labor market, where employers and 

workers interact. The state of this market can be 

characterized by two functions of time - the salary p(t) 

and the number of workers N(t). The labor market has 

a balance - the situation when a number of workers Nе 

agree to work for a salary equal ре. Under real 

conditions, the functions p(t), N(t) deviate from the 

equilibrium values. This may be due, for example, to 

the financial difficulties of enterprises, the dismissal of 

workers and others. We introduce the deviations p, N 

from their equilibrium values: 

 x = p – pe , y = N – Ne.    (5)  

If employers change salary in proportion to the 

deviation of the number of workers from the 

equilibrium value, we have: 

 (6) 

where a > 0 – is constant.  

Assuming that the number of workers 

increases or decreases in proportion to the deviation of 

wages from the equilibrium value, then we have: 

 
(7) 

where b > 0 – is constant.  

Equations (6), (7) of the rigid labor market 

model are linear and can be easily solved. To do this, 

we write these equations in the form of a single 

second-order differential equation: 

 

 
(8) 

with the following solution: 

 (9) 

where 

 
(10) 

and  – initial values of 

variables . Due to equation (6) 

 

(11) 

where y0 = y(t0) 

According to the linear theory of the labor 

market, salary and the number of workers periodically 

change, and their initial values uniquely determine 

the future of the market. But under real conditions, 

observations show that the labor market is not a 

periodic economic system. Deviation of its parameters 

from equilibrium values can be significant and a linear 

model becomes inapplicable for system analysis. That 

leads to creating nonlinear models of the labor market. 

According to equation (6), the rate of salary 

change , if y <0 (the number of workers is less 

than the equilibrium value of Ne), increases; if y> 0 

(the number of employees is greater than Ne), then 

 and the salary decreases. 

But this proportional dependence of the rate of 

salary change on the change in the number of workers 

under the real conditions of the labor market is not 

fulfilled. In the general form the dependence is 

nonlinear: 

 (12) 

According to equation (7), the rate of change in 

the number of workers  if x> 0 (salary is greater 

than the equilibrium value pe), decreases; if x <0 

(salary less than pe), then y> 0 and the number of 

workers increases. 
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However, under real conditions, the 

proportional dependence of changes in the number of 

workers on salary is not fulfilled and in general, the 

dependence is nonlinear: 

 
(13) 

  Non-linear behavior of labor market can be 

caused, for example, by the following phenomena: the 

number of workers increases and salary does not 

decrease (the enterprise received additional financing); 

salary increase and the number of workers does not 

increase (shortage of labor), the salary decrease, and 

the number of workers does not decrease 

(unemployment). 

Thus, the equations of the nonlinear labor 

market model is the following: 

    (14) 

One can adopt a soft model of labor market 

dynamics, which can be represented by a system of 

equations (6), (7), in which the coefficients a, b are not 

constant, and the functions x, y are: 

 

    (15) 

 

  The system (14) can be written in the form (1) 

if we denote 

 (16) 

and in the Hamiltonian form  

 

 (17) 

 

Similarly, in the form (1), (4) the system (15) 

can be written. 

In order to study the behavior and properties 

of a dynamic economic system, it is necessary to find a 

solution of the system of equations (1) (or (4)) of its 

model (integrate the system). According to the 

conditions of the theorem of existence and uniqueness 

the solution of the initial value problem for phase 

variables q10, q20 and time t0 uniquely determines the 

solution of the system (1), (4) for all t (uniquely 

determines the "past" and "future" of the economic 

system). 

One of the integration problems is finding an 

analytical solution, which means representing the 

solution of the system with the help of elementary 

functions or integrals of them (solve the system in 

quadratures). The solution of this problem is possible 

only for a few types of systems. For example, in an 

analytical form, it is possible to build up decouplers of 

linear systems. For nonlinear systems - when a 

solution can be obtained in analytical form - the 

expressions can be too complex and their analysis is 

almost impossible. 

It is possible to set the task of constructing 

solutions not in elementary functions, but in the form 

of series. Though in some cases, these series converge 

very slowly, and it makes impossible their practical 

application. 

If it is impossible to find an analytical solution 

of the system, or the solution is too complicated to use 

in analyzing the economic problem, then we can use 

approximate methods of integrating nonlinear 

systems. Where the computer technology is available, 

approximate solutions of certain problems can be 

obtained with sufficient accuracy. But such a solution 

does not give a satisfactory analysis of the tasks. 

In addition, for many problems, the analytical 

or approximate solution of the system is not relevant, 

as it does not answer the qualitative questions. For 

example, whether there are many equilibrium states 

of the economic system, whether these states are 

stable or not. Thus, when considering the dynamics of 

economic systems, the question of qualitative 

integration of the system or its analysis becomes 

urgent. This idea, which appeared when considering 

the problems of celestial mechanics, used to solve the 

problems of physics, control theory, radio engineering, 

electronics, and others, can also be efficient in 

studying the dynamics of economic systems. 

One of the issues is the problem of studying 

the system behavior near its equilibrium points. For 

example, the problem of stability. The system of 

equations (1) can be written in the form of a single 

differential equation: 

 

(18) 

The equilibrium states of the system are its 

special points q10, q20, which can be found using the 

equations: 

 
(19) 

  If these points are found, then they can be 

analyzed by methods of the qualitative theory of 

dynamical systems on a plane. 

 

4 Conclusion 
Thus, the paper proposes a new approach to 

the analysis of economic and mathematical models 

that reduce the problem of the economic system 

dynamics to the issue of analysis of the general system 

of the qualitative theory of dynamical systems and 

equations of the Hamiltonian theory. These methods 

allow qualitative studying of both the labor market 

and any economic system. The paper outlines 

directions for further research in this area. 
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