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Abstract

A reduction formula for the Kampé de Fériet function has
been derived as a generalization with the help of the hyper-
geometric identity. Further, it is related with the reduction
formula obtained by Cvijović and Miller as the special case
with some particular values.
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1 Introduction

The logarithmic derivative ψ(z) (digamma function or psi function)
of Euler gamma function for real and positive values of z is defined
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by

ψ(z) =
Γ′(z)

Γ(z)
(1)

With the help of this function, several new summation formulae
have been derived recently. Moreover, the Pochhammer symbol is
defined by

(α)n =
Γ(α + n)

Γ(α)
= α(α + 1)(α + 2)· · ·(α + n− 1), n > 0 (2)

where n is an integer and (α)0= 1. Also, the sequence (α1, α2, α3,
. . . ,αp) is denoted by (αp) and the product of p Pochhammer
symbols ((αp)) is defined by

((αp))n ≡ (α1)n · · · (αp)n (3)

where an empty product p = 0 reduces to unity.
The hypergeometric function is one of the most significant spe-

cial function which plays an imperative role in the field of Math-
ematical Physics, Engineering and Applied Mathematics [Kilbas
et al. [4], Kiryakova [5], Mathai et al. [7], Samko et al. [9] and
Virchenko et al. [11]]. This fact has stimulated the investigation of
several generalizations of hypergeometric functions.

The Kampé de Fériet function (KdF function) is defined by

Fp:r:u
q:s:v

[
(ap) : (cr) : (fu)
(bq) : (ds) : (gv)

;x, y

]
=

∞∑

m = 0

∞∑

n = 0

((ap))m+n

((bq))m+n

((cr))m ((fu))n
((ds))m ((gv))n

xm

m !

yn

n !

(4)

which is a generalized hypergeometric function in two variables. Ex-
ton [3], Srivastava and Karlsson [10] have studied KdF function and
established some new properties of them as well as its convergence
principles. Cvijović [1] and Miller [8] represented a generalized hy-
pergeometric type series containing the psi function with the help
of KdF function in two equal variables. Also, they have derived
several summation formulas involving hypergeometric type series
encompassing the psi function. In this paper, another reduction
formula for the Kampé de Fériet function has been derived as a
generalization with the help of the hypergeometric identity.
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2 Reduction Formula

Considering

F(z,z) = F1:2:1
1:1:−

[
α : β − ε, γ : ε
β : δ : − ; z, z

]

=
∞∑

m = 0

∞∑

n = 0

(α)m+n

(β)m+n

(β − ε)m (γ)m
(δ)m

(ε)n
zm

m !

zn

n !
{By(4)}

(6)

Using the identity (α)m+n= (α)m(α + m)n, the above is reduced to

F (z, z) =
∞∑

m = 0

∞∑

n = 0

(α)m (α +m)n
(β)m (β +m)n

(β − ε)m (γ)m
(δ)m

(ε)n
zm

m !

zn

n !

=
∞∑

m = 0

(α)m
(β)m

(β − ε)m (γ)m
(δ)m

zm

m !

∞∑

n = 0

(α +m)n
(β +m)n

(ε)n
zn

n !

=
∞∑

m = 0

(α)m
(β)m

(β − ε)m (γ)m
(δ)m

zm

m !
2F1

[
α +m, ε
β+m

; z

]
(5)

According to (3.31) of [6],

2F1

[
a, b
c

; z

]
=

(1− z)c−a−b
|c |a+b−c
|a |b 2F1

[
−b+ c, − a + c

1− a− b+ c
; 1− z

]
+

|c |c−a−b
|c−a |c−b 2F1

[
a, b

1 + a+ b− c ; 1− z
]

(6)

Substituting a = α +m, β = ε, c = β +m in (6),
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2F1

[
α+m ε
β+m

; z
]

= (1− z)β+m−α−m−ε
∣∣α+m+ε− β −m
|α +m |ε

2F1

[
−ε+β+m −α−m+β+m

1−α−m−ε+β+m ; 1− z
]

+
∣∣β +m

∣∣β+m− α−m− ε∣∣β +m− α−m
∣∣β +m− ε

2F1

[
α+m ε

1+α+m+ε−β−m ; 1− z
]

= (1− z)β−α−ε
∣∣β +m

∣∣α+ε− β
|α +m |ε

2F1

[
β−ε+m β−α
1−α−ε+β ; 1− z

]
+

∣∣β +m
∣∣β − α− ε∣∣β − α
∣∣β − ε+m

2F1

[
α+m ε

1+α+ε−β ; 1− z
]

Therefore, (4) reduced to

F (z, z) =
∞∑
m=0

(
(α)m
(β)m

(β−ε)m(γ)m
(δ)m

zm

m !

)







(1− z)β−α−ε
|β+m |α+ε−β
|α+m |ε 2F1

[
β − ε+m, β − α

1− α− ε+ β
; 1− z

]

+
|β+m |β−α−ε
|β−α |β−ε+m 2F1

[
α +m, ε

1 + α + ε− β ; 1− z
]







Splitting the summation into two parts,

F (z, z) = (1− z)β−α−ε
|α+ε−β
|ε

∑∞
m = 0

[
(α)m
(β)m

(β−ε)m(γ)m
(δ)m

zm

m !

]
[
|β+m

|α+m 2F1

[
β − ε+m, β − α

1− α− ε+ β
; 1− z

]]
+
|β−α−ε
|β−α

∑∞
m = 0

(α)m
(β)m

( β−ε)m(γ)m
(δ)m

zm

m !

[
|β+m

|β−ε+m 2F1

[
α +m, ε

1 + α + ε− β ; 1− z
]]

Applying equation [2] in the RHS of the above equation and sim-
plifying, one can obtain
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F (z, z) = (1− z)β−α−ε
∣∣α+ε− β
|ε

∞∑

m=0

[
(α)m
(β)m

(β − ε)m(γ)m
(δ)m

zm

m!

]

[
(β)m

∣∣β
(α)m |α 2F1

[
β−ε+m β−α
1−α−ε+β ; 1− z

]]
+

∣∣β − α− ε∣∣β − α
∞∑

m=0

[
(α)m
(β)m

(β − ε)m(γ)m
(δ)m

zm

m!

]

[
(β)m

∣∣β
(β − ε)m

∣∣β − ε 2F1

[
α+m ε

1+α+ε−β ; 1− z
]]

= (1− z)β−α−ε
∣∣α+ε− β
|ε

∣∣β
|α
∞∑

m=0

[
(β − ε)m(γ)m

(δ)m

zm

m!

]

[
2F1

[
β−ε+m β−α
1−α−ε+β ; 1− z

]]
+

∣∣β − α− ε∣∣β − α

∣∣β∣∣β − ε
∞∑

m=0

(α)m
(γ)m
(δ)m

zm

m!

[
2F1

[
α+m ε

1+α+ε−β ; 1− z
]]

= (1− z)β−α−ε
∣∣α + ε− β
|ε

∣∣β
|α
∞∑

m=0

(β − ε)m(γ)m
(δ)m

zm

m!

∞∑

n=0

(β − ε+m)n(β − α)n
(1− α− ε+ β)n

(1− z)n

n!
+

∣∣β − α− ε∣∣β − α

∣∣β∣∣β − ε
∞∑

m=0

(α)m
(γ)m
(δ)m

zm

m!

∞∑

n=0

(α +m)n(ε)n
(1 + α + ε− β)n

(1− z)n

n!
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= (1− z)β−α−ε
∣∣α + ε− β
|ε

∣∣β
|α
∞∑

m=0

∞∑

n=0

[
(β − ε)m(γ)m

(δ)m

]

[
(β − ε+m)n(β − α)n

(1− α− ε+ β)n

] [
zm

m!

(1− z)n

n!

]
+

∣∣β − α− ε∣∣β − α∣∣β∣∣β − ε

∞∑

m=0

∞∑

n=0

(α)m(γ)m
(δ)m

(β − α)n
(1− α− ε+ β)n

zm

m!

(1− z)n

n!

= (1− z)β−α−ε
∣∣α + ε− β
|ε

∣∣β
|α
∞∑

m=0

∞∑

n=0

[
(β − ε)m+n(γ)m

(δ)m

]

[
(β − α)n

(1− α− ε+ β)n

zm

m!

(1− z)n

n!

]
+

∣∣β − α− ε∣∣β − α

∣∣β∣∣β − ε
∞∑

m=0

∞∑

n=0

(α)m+n(γ)m
(δ)m

(ε)n
(1 + α + ε− β)n

zm

m!

(1− z)n

n!

= (1− z)β−α−ε
∣∣α + ε− β
|ε

∣∣β
|α F1:1:1

−:1:1

[
β − ε : γ : β − α
− : δ : 1− α− ε+ β

; z, 1− z
]

+

∣∣β − α− ε∣∣β − α

∣∣β∣∣β − ε
F1:1:1
−:1:1

[
α : γ : ε

− : δ : 1 + α + ε− β ; z, 1− z
]

Hence

F1:2:1
1:1:−

[
α : β − ε, γ : ε
β : δ : − ; z, z

]
= (1− z)β−α−ε

|α+ε−β
|ε
|β
|α

F1:1:1
−:1:1

[
β − ε : γ : β − α
− : δ : 1− α− ε+ β

; z, 1− z
]

+
|β−α−ε
|β−α

|β
|β−ε

F1:1:1
−:1:1

[
α : γ : ε

− : δ : 1 + α + ε− β ; z, 1− z
]

(7)

This is valid when | z | < 1 since the convergence for the KdF func-
tion occurs when | z |< 1 (see [10, p. 27]).

3 Special Cases

Further, the convergence for 3F2 function obviously occurs when∣∣ z
z−1
∣∣ < 1.Thus, when z lies in the domain | z | < 1 and <(z) <1

2
,

by Eq (2.2) of [2], (5) becomes

1
(1−z)α 3F2

(
α ; β − ε ; δ − γ

β ; δ
; z
z−1

)
= (1− z)β−α−ε

|α+ε−β
|ε
|β
|α

6
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F1:1:1
−:1:1

[
β − ε : γ : β − α
− : δ : 1− α− ε+ β

; z, 1− z
]

+
|β−α−ε
|β−α

|β
|β−ε

F1:1:1
−:1:1

[
α : γ : ε

− : δ : 1 + α + ε− β ; z, 1− z
]

Therefore,

3F2

(
α ; β − ε ; δ − γ

β ; δ
; z
z−1

)
= (1− z)β−ε

|α+ε−β
|ε
|β
|α

F1:1:1
−:1:1

[
β − ε : γ : β − α
− : δ : 1− α− ε+ β

; z, 1− z
]

+ (1− z)α+β−ε
|β−α−ε
|β−α

|β
|β−ε

F1:1:1
−:1:1

[
α : γ : ε

− : δ : 1 + α + ε− β ; z, 1− z
]

When ε = 1, δ= β, by Eq (2.21) of [2], (7) becomes

1
(1−z)α 3F2

(
α ; β − 1 ; β − 1

β ; β
; z
z−1

)
= (1− z)β−α−1

|α+1−β
|1
|β
|α

F1:1:1
−:1:1

[
β − 1 : 1 : β − α
− : β : β − α ; z, 1− z

]
+
|β−α−1
|β−α

|β
|β−1

F1:1:1
−:1:1

[
α : 1 : 1
− : β : α + 2− β ; z, 1− z

]

3F2

(
α ; β − 1 ; β − 1

β ; β
; z
z−1

)
= (1− z)β−1

|α+1−β
|1
|β
|α

F1:1:1
−:1:1

[
β − 1 : 1 : β − α
− : β : β − α ; z, 1− z

]
+ (1− z)α

|β−α−1
|β−α

|β
|β−1

F1:1:1
−:1:1

[
α : 1 : 1
− : β : α + 2− β ; z, 1− z

]

Further (7) becomes

F1:2:1
1:1:−

[
α : β − 1, 1 : 1
β : β : − ; z, z

]
= (1− z)β−α−1

|α+1−β
|1
|β
|α

F1:1:1
−:1:1

[
β − 1 : 1 : β − α
− : β : β − α ; z, 1− z

]
+
|β−α−1
|β−α

|β
|β−1

F1:1:1
−:1:1

[
α : 1 : 1
− : β : α + 2− β ; z, 1− z

]
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4 Conclusion

Thus, the reduction formula has been obtained as a generalization
for the KdF function with the support of the hypergeometric iden-
tity. Further, it is related with the reduction formula obtained by
Cvijović and Miller [2] as the special case with some particular val-
ues.
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