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Abstract

In this paper the authors establish conditions for the
oscillatory behavior of solutions of generalized second order
quasi linear a—difference equation.
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1 Introduction

The theory of difference equations is based on the operator A
defined as Au(k) = u(k + 1) —u(k),k € N ={0,1,2,---}. Even
though many authors [1], [8] have suggested A as

Au(k) = u(k +£0) —u(k), €€ (0,00). (D)

In [4], authors labeled the operator A defined by (D) as A, and by
defining its inverse A, ', many interesting results in number theory
were obtained [2,4,5].

Jerzy Popenda [7], while discussing the behavior of solutions of
a particular type of difference equation, defined A, as A,u(k) =
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u(k+1) — au(k). In [6] the authors have generalized the definition
of Ay by Ay defined as Ay yu(k) = u(k 4 £) — au(k) for the real
valued function u(k) and ¢ € (0, 00) and also obtained the solutions
of certain types of generalized a-difference equations.

Recently, there has been an increasing interest in the study of
the oscillatory behaviors to the solutions of nonlinear and linear
difference equations [9,10].

This paper is concerned with the oscillatory behavior of
generalized quasilinear a—difference equations of the forms

D (al(k =Dl + 7 Aayo((k = 1)+ ) Aau((k = 1)L + 7))
+qkl+3)f(k=Dl+7) =0, k € (0,00), £ € (0,00) (1)

where A, is the generalized a—difference operator defined by

Anv(k) = v(k+0)—av(k), j = k—[5]¢, a(k), q(k) are real valued

function, f: R — R is continuous, nondecreasing and f(z) > 0 for

x #0,7> 0 and X\ is a positive integer.

By a solution of equation (1) we mean a nontrivial function v(kf+7)

satisfying equation (1) for all K¢+ j > 1. A solution v(k{+7) is said

to be nonoscillatory if it is either eventually positive or eventually

negative and oscillatory otherwise.

2 preliminaries

Definition 1. [3] For a real valued function wu(k), the
generalized second order a-difference equation is defined by

v(k+20) —20v(k+0) +a?v(k) = u(k), k € [0,00),£ € (0,00). (2)

Definition 2. [6] (Product Formula). Let u(k) and v(k) be
any two real valued functions. Then

Ano{u(k)v(k)} = ulk + ) An@yv(k) + av(k)Au(k)
The following are assumed through out this paper

(1) q(kl+ j) is a nonnegative real valued function with infinitely
many positive terms,

(i) —oo < 3 q(kl+7) < o0,
k=1
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k—1
(lll) R(k€+], kog—f-]) = Z m,R(kg‘F], ko€+]) — 0 and
SZkJO
R(kl+ j) = R(kl+ j,1),

i) |12
Lemma 3. Assume that conditions (i) and (iii) hold. If

v(kl + j) is a solution of equation (1) such that v(k{+ j7) > 0 for

kl+j > K(+j>1 then Aygv(kl+j) >0 for kl+j > Kl + j.

>M >0 for|x|>d>0

Proof. Since {a(kl + j)|Aw(kl + )" ' Apw(kl + j)} is non
increasing by equation (1), we see that {Ayv(kl + j)}is eventually
of constant sign, that is Ayw(kl + j) >0 for kl+j > K{+j > 1
or there is K10 + j > K{ + j such that Apw(kl 4+ j) < 0 for
kC+j > K+ j.If Apw(kl+ j) <0 for k€ + j > K¢+ j we have

(a(kl + )7 Ap (ke + §) < (a(Kal + §))7 Ago(Eal + 5)

Dividing the last inequality by (a(k¢ + ]))% and summing from

Kyl +j to kl+ j, we obtain v((k+1)0+j) < v(Kal +j) +a(K2l+
k

j)%Aw(Kﬂ +7) > W As (kl + j) — oo we see that

Sé‘l’j:Kg
v(kl + j) — oo, a contradiction. This completes the proof. O

Lemma 4. Ifu,v >0 then u¥ —v¥ < yu? (u —v) fory > 1
and u¥ —v¥ < yv¥~Hu—v) for 0 <y < 1.

3 Main Results
Theorem 5. Assume conditions (i) and (iii) hold. If

lim inf f(f)‘ >d >0, (3)

|z|—o00 X

there exists a positive real valued function h(kf + j) such that
k

lim h(sl + j)q(sl+ j) = 400, (4)

k—o00
s=1
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k ' )+
and L S 2460 ) (Bahl(s + e+ )

- < +00, 5
o (s + D01 J) o )

then every solution of equation (1) is oscillatory.

Proof. Let v(k¢ 4+ j) be a nonoscillatory solution of equation
(1), say v(kl +j) > 0 for k > K > 1, since the proof for the case
v(kl + j) <0 for k > K is similar. Let

a((k = 1)0+5) (Aao((k — 1)C + 7))’
vI((k =00+ 7)

since Ayv((k —1)¢ + j) > 0 by Lemma 3. Then

A(k—1)0+5) = k> K+

Buioa(k = 1e-+3) = —alkt + )L =T

aa(kl+ 5) (A (kL +5) A ((k = Dl + j) ©)
VI((k+1 =004 ) ((k=1)0+j)

az(kl 4+ 7)) A (k= 1)l + j)

d h A, — 1)+
and hence Ay (2(k —1)0+7) + (k= Dl+7)
f((n =D+ 7))
kt =0, for k> K +1. 7
+Q( + ) ’U’Y(( _Z)E"_ ) ? or — + ()
Since Apv(kl + j) > 0 for k > K + 1, limy_ov(kl + j) exists. If
limgoov(kl + j) = b, then limkﬁm% = @ > 0. If
limpoov(kl + j) = oo then, in view of condition (3),
lzm;Hoome =d; > d > 0. Let b* = min (%7 %) from
(7) we have

(k=) + )
F Okl + ) <0, k> K +1. (8)

Asy(z(k = 1)+ j) + az(kl + j)

From the mean value theorem, we have

A (k=1 + 5)

S { YW (k= D0+ )Aw((k—1l+5) Lify>1 (9)
2 o (k£ 1=+ )Aw((k =10+ §)if0 < 7 < 1
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for k > K + 1. Hence from (8) and (9), we obtain for v > 1

Agv((k — l)g +j)
v((k =00+ )

Apy(2(k=1)0+j)+az(kl+7)y +b*q(kl+35) <O0.

(10)
and for 0 < v <1
. _ ayz(kl + j)
A -1 * it S A
a(g)(z(k )é—‘r])-‘rb q<k€+])+v7((k—l)£+j)
x A" H(k+1 =00+ )Aw((k—DE+5) <O0. (11)

Since v(k{ + j) is nondecreasing, we have from (10) and (11)

az(kl + 7)Apo((k — 1)l + j)
v((k+1—10)C+7)

Aa(g)(z(k—1)€+j)+7 +b*q(k€+j) <0

(12)
foor -y > 0 and £ > K + | + 1 Since
Ao ((a(k — 1)l 4 j) Ay (v(k = 1)¢ +j)k) < 0, we have
(alk = 1) + ) (Aagk=10+7)" = (alk = )¢ + j)
(An(v(k — 1)+ )" and so (12) gives for k > Ny > K +1+1

2(kl 4 §)2M7 (kO + )

Aa &k =D+ J) + =T =

+b*q(kt +5) <O0.

(13)
Multiply (13) by h(kf + j) and summing, we obtain

k
b > (st + j)q(st + §)
s=K
k o+l

< DAt IAets 1) )~ Y MEACCCE I
= —h((k+1)0+ 5)z(kl 4 j) + h(EK L+ §)2((Ky — 1)0 + j)
B u vh(sl + j) (0 i)V EE Agh(sl + j)

3> ey [ - S

s=K;

Vrgg NP O G- v CT ) B U= .
a1~ 4000 +5) 4 () e =)

k

(Aeh(st + )"
" 2 G D e

(a(s = 1)+ 7).
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Using Lemma 4 we obtain

k
b Z h(st+ j)a(st + j) < h(Erl + j)z((Ki = 1)0 + j)

i ole=Des ) (ot 41

(v + 1)t (sl + 7)

=K

This gives contradiction to conditions (4) and (5) and the proof is
complete. O

Next assume that conditions (i) and (ii) are satisfied. Let

ho(kl+§) = q(wﬂ)and‘% 2| > 8 > 0.

i=k+1

= & r—1(i / .
Define hy(kl + j) = M5y 3 % + Mho(kt + ),
i=k+1

S (0, OO) and E(kf +]) Z m

Theorem 6. Assume conditions (i), (ii), (iii) and (iv) hold.
Further assume that one of the following conditions hold.

(a) > q(kl+ j) = 400, that is ho(0) does not exist;
k=1

(b) there exists a positive integer j such that h, (k¢ + j) is defined
for n € [0,7 — 1] but h,(O) does not exist.

Then every solution of equation (1) is oscillatory.

Proof. Assume that v(kf + j) is a non oscillatory solution of
equation (1) with v(kf + j) > 0 for £ > K +[. By Lemma 3,
b.Ay@yv(kl+ j) > 0 for k > N + 1. Now define

(a(k = 1)+ j)(Ag(v((k = 1)l +J)))”
vV ((k—=10)0+ )

for kK > K + (. Then from the proof of Theorem 5, we obtain

W((k—-1)+j) =

Wwits v (kl+ 5)
A -1 j
O‘(Z)W((k )€+])+a7<a1/7( —l)€+j)
+ Mq(kl+j) <0, k> K, > K+1+1. (14)
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Summing the last inequality from K; to k, we obtain

(st +
Wk + ) + 1—a)z (rl + 5) +CWZ awSMj)])

k
+ MY q(st+ ) < aW((Ky = 1)0+ j). (15)
s=K

>, W”%(séﬂ) _ : W (kl+5)

If szzKl m = 400 then kll{go 1 + X W1+%(sf+]‘) S O
Ms:z;:q (al/7 (s=D)e+3)
or k]gn Sup— Wéjﬁi) — < —1, which contradicts W (k(-+j) > 0.
oo - (s043)

. % al/ws 1)e+5)

Hence Z Wm < 00. On the other hand from (14) we

have Ag(W(k — 1)¢ + j) < 0 which imply limkﬁoo Wkt + j) =
¢ > 0. If ¢ > 0 then it would imply that Z

s=K1
contradiction. Hence limy,_,o, W(k{ + j) = 0.
(a) If ho(0) = 4o00,then from (15) we have W (k{+ j) < aW ((K; —
k

a7 k Ny <00 a

1)l+j)—M > q(sl+ 7). This gives a contradiction.

S:Kl
(b) If h, (k¢ + j) is defined for n € [0,r — 1], letting k — oo in (15),
we have
wht (s€+j) .

W (kt+7) > Mho(kl . 16

W (ke + j) mszkj TGt g T Mhelkt+5). (16)
and hence W(kl + j) > Mho(kl¢ + j). If r = 1 then

& hH—l(sZJrj) L W (sy) .

s_%’_ A ((5—1)Et7) < i E s:;‘rl a7 ((s—1)t+j) < oo which
contradicts hy(0) = 4o0. If r > 1, then
hke + ) = M7y Z % + Mho(kt + j)

i=k
o0

< 047172 ﬁ + Mho(kl + j) < W(kL + j).

In a similar fashion, we can prove W (k¢ + j) > hg(kl + j) for
oo hl‘*'l oo

rd (il+3) W3 (i645)
n e [1, r— 1} Therefore i:%l m S i:%l m < 0
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which contradicts (b). O
References
[1] R.P. Agarwal, Difference Equations and Inequalities, Marcel

2]

[10]

Dekker, New York (2000).

A. Benevatho Jaison and S. K. Khadar Babu, Oscillation for
generalized first order nonlinear difference equations, Global J.
of Pure and Applied Mathematics, 12(1) (2016), 51-54.

G.Britto Antony Xavier, et. al., Finite Series and Complete
Solution of Second Order «-Difference Equation, Int. J. of
Pure and Applied Mathematics, 90(2) (2014), 177-188.

M. Maria Susai Manuel, G. Britto Antony Xavier, E.
Thandapani, Theory of generalized difference operator and
its applications, Far East J. of Math. Scis., 20(2) (2006),
163-171.

M. Maria Susai Manuel, et. al., Qualitative properties of
solutions of certain class of difference equations, Far Fast
Journal of Mathematical Sciences, 23(3) (2006), 295-304.

M. Maria Susai Manuel, et. al., Qualitative Properties
of Solutions of Riccatis a-Difference Equations, Int. J. of
Differential Equations and Appl., 24(6) (2011), 943-954.

J. Popenda and B. Szmanda, On the oscillation of solutions
of certain difference equations, Demonstratio Mathematica,
17(1) (1984), 153-164.

Ronald E. Mickens, Difference Equations, Van Nostrand
Reinhold Company, New York (1990).

P. J. Wong and R. P. Agarwal, Oscillation theorems for certain
second order nonlinear difference equations, J. Malh. Anal.
Appl. 204 (1996), 813-829.

Y. Yang and W. Zhang, Oscillation for second order
superlinear difference equations, J. Math.Anal. Appl. 189
(1995), 631-639.

504

Special Issue



505



506



