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Abstract 

Extended Tube Resonators  or ETRs have been used since long time to attenuate noise in 

several applications. With time there have been improvements in their design and structure and 

it’s widely known that, due to sudden area discontinuities, evanescent higher-order modes are 

developed at the sharp edges of extended parts of ETRs and end corrections are added to the 

geometric length of filter needed to substantiate the impact of evanescent modes in the 1D 

analysis. However, the effect of variation of lengths of the extended part on end corrections has 

not been studied till now. This has been studied by both analytical ly using Transfer Matrix 

Method (TMM) and experimentally as well by using ASTM standard Two-Load Method. 

Moreover, a parametric study has been done by varying the length of the extended outlet and 

was observed that with increment in the length of the extended part, the end correction required 

decreases. Based on these experimental observations of successive variation of length, an 

empirical relation has been established between end correction and extended geometric length 

by the least square method. 
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. 1. INTRODUCTION 

The most initial and basic design of an acoustic filter 

was a simple expansion chamber or SEC, but it was able 

to absorb sound in low frequency only, so there were 

several improvements in design like, use of extended 

inlets or outlets to enhance the attenuation  capability, 

also known as ETRs. Extended Tube Resonators or 

ETRs have been used since long time to attenuate noise 

in several applications.  With time there have been 

improvements in their design and structure. 

Several models have also been developed to design the 

ETRs and predict the Transmission Loss accordingly. 

However, most common approach was the use of 1D 

wave model [1]. The one-dimensional (1D) analytical 

method can be applied to study the attenuation 

characteristics of acoustic filters at lower 

frequencies [1]. However, in an expansion chamber 

with extended lengths or Extended Tube resonators 

(ETR), discontinuities occur  at sudden expansion and 

contraction. Due to this, the multidimensional field of 

sound is produced inside the acoustic ducts. The effects 

accompanied with evanescent high-order modes due to 

sudden discontinuities can be accommodated by 

providing end correction to extended lengths to improve 

the applicability of the analytical method using 1D 

plane wave. 

Several other modelling approaches were also applied 

for consideration of effects of the higher order modes, 

for example, Abom established four-pole parameters for 
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expansion chambers comprising of extended parts, 

having the higher-order mode effects [2]. 

Peat [3] studied this effect by using analytical method 

and FEM, and using Chebyshev series, derived a 

relation for the Karal correction factor. Sahasrabudhe 

and Munjal [4] employed 3D Finite Element Analysis  

(FEM) for verification of results obtained by coaxial 

discontinuities and developed a polynomial relation for 

the Karal correction factors. Selamet and Ji [5]obtained 

end corrections for cylindrical ducts with and without 

offset by varying diameter ratios and chamber lengths . 

For coaxial discontinuities of duct extension, Torregrosa 

et al. [6] examined length corrections required for 

silencers with extended ducts of various  diameter ratios 

using  FEM. Kang and Ji [7] studied the effects of 

chamber geometry parameters like length of the 

chamber, extended part of duct and diametric ratio on 

the end correction and gave a simplified relation for 

evaluation of the end correction. Munjal et al.[8] 

analysed  these end corrections, using 3D FEM and 

applied these to the resonators with concentric tubes and  

extended tube resonators for designing tuned extended-

tube chambers  with or without perforation for improved 

attenuation requirement. P. Chaitanya and Munjal [9] 

discussed the effects of thickness (wall thickness) of 

tubes on end correction and derived an approximate 

formula. 

However, in the existing literature, the effect of 

variation of extended lengths on end correction has not 

been done as of now, which is being done here by the 

varying the geometric length of extended part (outlet 

only) in our case. The effect of variation of extended 

lengths on end corrections has been studied both by 

experimental as well as analytical method. In addition to 

this, an empirical relation has also been established 

between end correction and extended geometric length 

by least square method. Assumptions taken in the 

modelling are: one dimensional plane wave theory for 

stationary and inviscid medium, no mean flow. 

The following work in this paper is organised as, in 

section 2 theory of extended tube resonators  is given, in 

section 3 Analytical modelling based on 1D approach is 

given, followed by section 4 in which experimental 

results and parametric study is discussed. 

 

2. THEORY OF EXTENDED TUBE 
RESONATORS 
 
In simple expansion chamber, the spectrum of 

Transmission loss has periodic crests  and troughs. The 

crests occurring in the TL spectrum lobe is dependent 

on the diameter of the simple expansion chamber and 

band is affected by the length inside chamber. The 

troughs in the chamber successively occurs at kL = nπ, 

where L is the internal length of the chamber and n = 0; 

1; 2; 3. 

 From plane wave theory for one dimensional 

propagation, the peaks in TL of the extended length in 

chamber appears at resonance frequencies which can be 

shown  by -jYcot(kL1)=0 where l is the extended length 

inside the chamber, k is the wave number, and Y is  the 

impedance(characteristic)  of the medium. Then 

resonance peak occurs at kl = (2n - 1)π/2; n = 1; 2; 3.  

 

If the extended outlet length, l = L/2, then the peaks due 

to resonance  would appear at kL = (2n - 1)π .And, when 

extended element length l = L/4, then the peaks caused 

due to would occur at kL = 2(2n - 1)π and the peaks 

formed by quarter wave resonator would cancel out the 

chamber length troughs at n= 2; 6; 10; So, for an 

extended tube resonators , troughs are lifted at 

corresponding values of n. In other words, most of the 

of the troughs are cancelled out, and a required 

broadband noise attenuation can be obtained. The 

important fact, however, is to modify the extended 

length l for taking into account higher order evanescent 

modes.  

By applying suitable end corrections, effective 

acoustical length of extended part would be slightly 

longer than the corresponding geometrical length. Thus, 
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in order to specifically design an extended tube 

resonator, we need to have end corrections with better 

precision   such that the chamber length troughs are 

exactly cancelled out by the quarter wave resonance 

peaks due to the extended lengths. The frequencies of 

resonance in a simple 1-D analysis will now be written 

as [1]: 

                   -jY cot(kl’) =0,                                         (1)         

                                                                           

where l
’ 

is the effective length l
’
 = l+ δ; δ is the end 

correction.      

3. ANALYTICAL MODELLING 

A simple Line diagram of the specimen with chamber 

length L2+L3=50.38mm, L0=35mm, L4= 35.50mm , 

L1=L2  is the variable length(l), used in this study is   

  

given in above Fig-1.  

 

 

 

A simple way to model the TL of the specimen is to use 

Electro acoustic analogy, as given by Munjal [1], in 

which we arrange the elements in series and parallel as 

shown in above Fig 2. 

Extended Tube Resonators  have both distributed and 

shunt elements. Transfer Matrix Method [1] is being 

used here for calculation of Transmission Loss  (TL). 

For distributed element, 

        (2) 

For shunt element, 

                                                      (3)

      

  

And,  

For analytical modelling of ETR: 

 Z = −jYcot(kl)                                       (4) 

      

      

     

Where: 

k= wave number; l= length of the extended part, Y= 

characteristic impedance 

 

Then, Transfer Matrix between upstream and 

downstream section is given as: 

 

 

Where, 

=

 

    (5) 

 

TL=20log                                     (6)

       

where: 

                         Y= ;                                                     (7)                                                                         

      

    

Figure 1  Line Diagram of Test Specimen 

Figure 2 Circuit Diagram 
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S= Cross sectional Area of Resonator; c = speed of 

sound in air 

3.1 End Correction: 

For Quarter-wave tube resonator, peaks occur at f=(c/4l) 

when there is one-dimensional wave. But in Extended 

Tube Resonators, evanescent higher modes occur at the 

junction. So, as described earlier, to counter this effect 

geometric length (l) is replaced by an effective length 

(l’) which includes end correction ( l) [9]. 

 

 So, 

                                           (8) 

     

                          l’=l+ l.                                           (9)                                                         

     

 

Therefore,                  (10)

      

 

 

Then, end correction,        (11) 

     

 

This end correction given in equation 11 is used in 

equation 4 to get the required TL using equation 6 and 

results are shown in next section. 

 

4. EXPERIMENTAL RESULTS & 

PARAMETRIC STUDY 

4.1 Experimental Study: 

The experiment for different ETRs having varying 

extended length have been done using four microphones 

with d=43.5 mm inner diameter impendence tube. The 

test specimen with extended length only on the 

downstream side was tested between four microphones, 

two upstream and two downstream for getting the 

experimental results  using Two Load method [10]. A 

six channel Data Acquisition System along with a 

power amplifier (Bruel & Kajer make) have been used 

in experiment to generate a white noise up to 6.4 KHz. 

A schematic line diagram of the setup for carrying out 

experiment is given in figure 3.  

To validate the analytical model, an experiment was 

performed taking the geometric length l of extended part 

as 10.9 mm. The blue line shown below in Figure 4 is 

experimental result, dotted red is analytical result and 

FEM result is  green is also added for corroboration. 

This result validates the theory of end correction 

described above. 

It may be noted that FEM result may deviate a little 

from experimental one because of error that might occur 

during taking measurements in practical conditions. 

                      

4.2 Parametric Study: 

Using in house fabrication of different ETRs, 

experiments were done on these ETRs for parametric 

study, as shown in Fig 5 to 9. A set of arbitrarily chosen 

lengths are given in table 1 below: 

 

 

 

Geometric length(l) in mm 

8.00 

10.90 

11.58 

14.20 

19.68 

                 Table 1: Experimental Study Table 

These lengths were chosen so as to cover the frequency 

range from 3000 to 3500 Hz. The results of all the 

experiments are shown from Fig.5 to Fig. 9. 
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Figure 4 Validation of experimental result with analytical result 

Figure 3 Experimental set up [10] 
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Figure 5 Experimental plot of ETR with L=8.00 mm 

Figure 6 Experimental plot of ETR with L=10.90 mm 

Figure 7 Experimental plot of ETR with L=11.58 mm 
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Figure 8 Experimental plot of ETR with L=14.20 mm 

Figure 9 . Experimental plot of ETR with L=19.68 mm 

Figure 10 Effectiveness of least square fit for various values of (l/d) 

International Journal of Pure and Applied Mathematics Special Issue

1963



 

 

 

 

 

 

 

 

 

The plot between TL and frequency shows successive 

peaks and troughs which is due to presence of modal 

frequencies in simple expansion chamber followed by a 

sharp peak. The sharp peak is because of extended 

length inside the chamber. Initially, TL is higher in low 

frequency region as noise dominates at these 

frequencies.  

From parametric study, it can be observed that as the 

lengths of extended part inside the chamber increases, 

the sharp peak shifts to left. This is due to inverse 

relation between frequency and length for quarter wave 

resonator given in equation 8 as : 

f=c/4l ; 

It can be deduced from the table 2, that  as the 

geometric length increases, the corrected length which 

includes end correction will also increase for sharp peak 

in analytical model. 

l Geometric 

Length(mm) 

l’ Effective 

Length(mm) 

l End 

Correction(mm) 

8.00 24.50 16.50 

10.90 24.85 13.95 

11.58 25.04 13.46 

14.20 25.75 11.55 

19.68 27.94 8.26 

             Table 2: Parametric Study Table 

 

By parametric study, a relation between end correction 

( l) and extended length (l) inside the chamber is 

obtained by using monovariate least square method. 

The relation is given as: 

 

Where: 

a= 0.7948; b= -1.209; c=0.5744;  

 

The plot in Fig.10. between normalized end correction 

vs. normalised extended length shows that as extended 

length inside the chamber increases, the end correction 

required decreases. As extended length increases, the 

sharp peak in TL shifts to low frequency region. So, end 

correction requirement is less. The above relation may 

be applied to model ETRs with variable length of 

extended part inside the chamber. 

 

5. CONCLUSIONS 

Theory of Extended tube resonators used in chambers is 

a common known name. However, its theory can only 

be applied by taking into account the correction lengths 

to substantiate the impact of higher order evanescent 

modes. Here, the end corrections have been added by 

comparing the peaks of quarter-wave resonator obtained 

by applying the plane-wave analysis with those by 

experimental results and further validated by FEM 

analysis for corroboration. In this process it was found 

that:  

 The extended length inside the expansion 

chamber greatly influences the frequency in the 

TL spectrum. 

 

 As the extended length increases, the end 

correction required decreases and vice-versa. 
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 An empirical relation has been established 

between the correction length and the 

geometric lengths, which could be used for 

tuning for ETRs. 
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