
Comparison of convergence rate of higher order tetrahedral and 
hexahedral elements for Linear Static Structural FEA 
Mir Aamir Abbas

,*
 

Aadyah Aerospace, Bangalore, India 

Abstract. Finite element analysis is finding its way into the product development cycle for design 

validation primarily using commercial FEA software packages available in the market. FEA is most widely 

used for the structural analyses. Among the structural analyses, static structural analysis is of a special 

significance. It must be noted that for good performance in any type of stress analysis, it is necessary for the 

software to demonstrate its stress-solution convergence capability in a linear static analysis. Engineers often 

decide to use hexahedral elements even though the efficacy of higher order tetrahedral elements is well 

proven in the literature. But even experienced analysts sometimes feel that Tet elements have a lower 

convergence rate than the hex elements. In this paper, the convergence rate for some problems whose closed 

form solution is known analytically are analyzed by both hex and Tet elements to compare their 

convergence rates. However, checking the solid element model by comparing with the closed form solutions 

to the standard problems available in the literature poses a p roblem: singularities. Due to this bottleneck, the 

FEA stress solutions to most bending problems like bending of beams, plates etc. cannot be compared with 

the closed form solutions. In this work, this bottle neck is removed by adopting a new strategy to model the 

beam and plate bending problems. The problem was also tried for a real-life problem for which closed form 

solution is not known and the convergence rate of the two types of solid elements were compared. 

 

1 Introduction 

Researchers [1] have shown that higher-order tetrahedral 

elements can always be used but in the industry, there is 

always resistance to the use of any type of tetrahedral 

elements by many FEA analysts. While experienced 

analysts clearly know this, it is usually with an 

accompanying assumption that tetrahedral elements have 

slower mesh convergence and hence require bigger 

models. This is not proven and requires investigation to 

be verified. In this work, the convergence rate of higher 

order tetrahedral, higher order hexahedral and lower 

order hexahedral elements for problems where the 

analytical solutions are well known, and accuracy of the 

solution can be assessed. The various problems were 

solved both analytically and by FEA using the 

commercial code ANSYS studying the solution 

convergence as described in the literature [2]. 

2 Modeling and Methods 

2.1. Volume filling 

A CAD model is meshed with higher order hexahedral 

and higher order tetrahedral elements and the number of 

nodes required to mesh the volume for a given element 

edge length were noted. The number of nodes per unit 

volume required to mesh the structure were taken as a 

measure of the volume filling ability of the element type. 

If element edge length is criterion for the mesh quality, 

then a mesh which gives lesser number of nodes for the 

same element edge length is more efficient in the volume 

filling. The results are as follows in figures 1 and 2: 

 
Figure 1 No of nodes per unit volume vs the element Edge 
length 

 

 
Figure 2 No of nodes per unit volume vs cube of the element 

Edge length 
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Tet elements fill the volume with same with lower 

number of nodes (and hence DOF’s) than the hexahedral 

elements for the same element edge length. Thus, the 

tetrahedral elements were found to be more efficient in 

filling the volume than the hexahedral elements. The 

number of nodes per unit volume is proportional to the 

cube of the element edge length for a coarse mesh but 

for fine meshes, the relation was not linear. 

2.2 Solution convergence 

The stress solution convergence does not occur in 

presence of singularities [3]. In case of a bar of 

rectangular section fixed at one end and supporting a 

lateral load at the free end, the behavior is that of a 

cantilever beam. However, if the fixed end of the bar has 

its entire surface fixed it leads to singularities at the top 

and bottom edges of the fixed face. Hence if one 

attempts to compare the results for maximum normal 

stress at the outer layers, the results d not match because 

of the stress singularity. While this is commonly 

acknowledged, no method has so far been developed to 

objectively combat this problem. The usual approach is 

that the stresses at regions away from the singularity are 

considered for the analysis and are compared with the 

stress values calculated at those locations (not at the 

outer layers) [3]. While this method provides us with the 

way to tackle the problem without eliminating the 

singularity issue, it is desirable to find a direct way to 

resolve the singularity problem. Singularity issue with 

the cantilever beam: 

 

Figure 3 Cantilever beam with singularities 

This is well explained in the literature [4] 

The beam theory does not account for the lateral 

contraction of the beam transverse sections; hence, the 

stress is independent of the Poisson’s ratio according to 

the Euler-Bernoulli beam theory. Thus the FEA results 

would not match the normal stress values calculated by 

the beam theory. It would be more appropriate, if 

comparison is made between the stresses calculated by 

the two methods for the same deformation. To achieve 

that, the boundary conditions shown in fig.2 may be 

used. 

}

 
Figure 4 cantilever beam with modified boundary 

conditions 

The stress plot for the boundary conditions shown in 

fig.4 would then look like: 

 

Figure 5 Maximum principal stress results from the FEA 

It must be noted that the stress at the lower edge should 

not be considered as there would be a stress -singularity 

there. The simulation was repeated for different types of 

elements like lower order hexahedral elements, higher 

order hexahedral elements and higher order tetrahedral 

elements. The stress solution convergence plot is as 

follows:

 

Figure 6 Left: Hexahedral mesh, right: Tetrahedral mesh 

 
The solution convergence plot showing the maximum 

principal stress in the beam against the number of 

degrees of freedom in the model are as follows in fig.7: 

It may be seen that the higher order hexahedral and 

higher order tetrahedral elements are almost equally 

accurate for the same number of degrees of freedom are 

far more accurate than the lower order hexahedral 

elements. The exact solution as per the beam theory [5] 

is 100 MPa. The rate of convergence is much higher for 

higher order elements than linear elements. 

 The calculations were repeated for different cases as 

below with the following conventions: The x-axis is the 

number of DOF’s and the y-axis is ratio of the solution 
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calculated by FEA using Ansys to the true solution 

calculated analytically. Since in FEA, more than 95% 

accuracy is not expected, the tolerated solution is taken 

as 95% of the exact solution. The convergence plots help 

us to determine which element type reaches the tolerated 

solution value first. 

 

Figure 7 Convergence plot for different element types 

2.2.1 Plate with a hole in tension: 

 

Figure 8 Half model of Plate with a hole in tension with 

symetry boundary conditions 

A plate with hole in remote tension is shown in fig.8. 

Considering symmetry only half geometry has been 

modeled. The analytical solution for this problem is 

available in literature [6]. the maximum stress, [6] 

 . where, SCF is the stress 

concentration factor. The stress concentration factor for 

this model is 3. Since the induced nominal stress is 1 

MPa, the exact solution for the maximum principal stress 

in the model is 3 

MPa.

 

Figure 9 Sample Result 

Maximum Principal stress plot of one of the iterations is 

shown in the figure 9. The number of degrees of freedom 

against the normalized maximum principal stress is 

tracked in fig.10. the normalized principal stress is 

defined as 

Normalized Maximum principal stress =  

 

Figure 10 Convergence plot 

2.2.2 Rectangular beam with hole subject to 

pressure (Half symmetry model) 

 

Figure 11 plate with a hole in bending under lateral 

pressure 

 

Figure 12 Sample Result 

The schematic diagram of the loading is shown in the 

fig.11 and the maximum principal stress plot of one of 

the iterations is shown in fig.12.The analytical solution 

for this problem is also available in the literature the 

nominal stress is [7]  .Where M is the moment 

at the center, Y is distance between the outer fiber and 

the neutral axis and is equal to half of thickness; I is the 

moment of inertia of the section [7] = .where, W is 

the width of the beam and t is thickness. The stress 

concentration factor is 3. The nominal stress is found 

from the beam theory. The maximum principal stress as 

per the analytical solution [7] is 357.14 MPa. In the 

convergence plot, the normalized maximum principal 

stress for the various mesh sizes is plotted in fig.13. 
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Figure 13 Convergence plot 

2.2.3 Rectangular plate with lateral pressure 

 

Figure 14 Rectangular plate with lateral pressure 

 

Figure 15 Sample result 

Fig.14 shows the loading diagram with the geometry. It 

must be noted that the blue faces are assigned the sliding 

support and the displacement in the vertical direction is 

constrained at the bottom edges to avoid the stress 

singularity as was done in case of the beam. The 

maximum stress is found by the relation [8], . 

Where, P is the pressure applied 

b is the length of the shorter side 

 t is the thickness of the plate 

while β is a function of the dimension of the plate. 

Fig 15 shows the maximum principal stress plot of one 

of the iterations. Fig.16 shows the normalized principal 

stress plotted against the number of degrees of freedom. 

 

Figure 16 convergence plot 

The plate is of length 200mm, width 100 mm and 

thickness is 2mm. the lateral pressure is 1 MPa. The 

analytical solution obtained is 55.02 MPa 

2.2.4 Square plate with lateral pressure 

 
Figure 17 square plate under lateral pressure 

Fig.17 shows the plate with the loading and the boundary 

conditions. Fig.18 shows maximum principal stress plots 

of one of the iterations. The fig.19 shows the normalized 

stress against the number of degrees of 

freedom.

 

Figure 18 Sample result 

 
Figure 19 Convergence plot 

 

2.2.5 Rectangular beam 
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Figure 20 Rectangular cantilever beam 

The beam is 100 mm in length, 8 mm in depth and 10 

mm in width with a lateral load of 1N. The boundary 

conditions are the same as described in fig.2. The exact 

solution found from the beam theory [5] is  .  

Where, M is the maximum moment 

Y is the distance of the outermost fiber from the neutral 

axis 

I is the moment of inertia of the beam 

The exact solution is 0.9375 MPa. 

 
Figure 21 Sample result 

 
Figure 22 Convergence plot 

 

2.2.6 Real life industry problem: 

An aerospace casing was required to be analyzed at 15 G 

acceleration load along the y direction. Fig.23 shows the 

component along with the loads and boundary 

conditions. 

 
Figure 23 Aerospace structure casing 

 
Fig.24 shows the same model wit the Tet and hex 

meshes separately. 

 
Figure 24 aerospace structure Casing with (left) tetrahedral 

element mesh and (right) Hexahedral mesh 

 

 
Figure 25 Aerospace casing structure divided to facilitate 

hex meshing 

 
While the tetrahedral meshes do not require the model to 

be further simplified, the hexahedral meshing cannot be 

performed without dividing the structure in to mappable 

parts. Fig.25 shows the model which is split into many 

regular mappable parts to enable the hexahedral 

meshing. 

 

 
Figure 26 Sample result – Displacement 

 
Figure 27 sample result - Maximum principal stress 

 

 

Figure 28 Stress convergence plot 

International Journal of Pure and Applied Mathematics Special Issue

1931



 

 
Figure 29 Displacement convergence plot 

 

2.3 Solution run-time vs total analysis time 

 
 

The total time required for generating a hex mesh is 

much greater than the time required for generating a Tet 

mesh for the same structure. While a Tet mesh can be 

generated automatically, the hex mesh cannot be 

generated automatically for most engineering structures 

and generating it manually requires considerable skill on 

part of the user. Thus, when hex mesh is used, the time 

required for meshing is large and increases the 

simulation lead time considerably. 

It must also be noted that while Tet mesh facilitates ease 

of local mesh refinement, it is very difficult to effect 

local mesh refinement in the hex mesh while maintaining 

good element quality. 

3 Discussion 

For linear structural analysis problems, the quadratic 

tetrahedral elements offer almost the same accuracy as 

the higher order hexahedral elements and it is much 

more accurate than the linear hexahedral element models 

of the same model size. In comparison to the hexahedral 

elements, the tetrahedral elements fill the model with 

lesser number of nodes for the same element edge 

length. The meshing deck preparation time for the higher 

order tetrahedral elements is much larger than that of the 

hexahedral elements (both lower order as well as higher 

order). Since the solution and post processing time are 

almost the same for both types, the total time for analys is 

is much smaller for the higher order tetrahedral elements 

than the hexahedral elements (both lower and higher 

order). The skill level required for meshing with 

tetrahedral elements is much lesser than that for the 

hexahedral elements making meshing using higher-order 

tetrahedral elements attractive for linear structural 

analysis problems. However, the evaluation is limited to 

linear analysis problems and nonlinear analysis has 

different mesh requirements which require further 

evaluation. 

4 CONCLUSION 

The quadratic tetrahedral elements are superior to the 

quadratic and linear hexahedral elements, 

computationally, for linear structural analysis problems 

using FEA. 

The author thanks Aadyah aerospace for permitting and 

sponsoring the publication of this work. 
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