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Abstract 

Importance of this work is determined by high 

requirements to protecting buildings and 

engineering structures in case of undermining with 

excavations and objects of underground construction. 

In our work based on the Monte Carlo mathematical 

modeling method, the influence of the geometric 

dimensions of the displacement mould, errors of 

determining subsidence of reference points and the 

amount of initial data involved in the solution on the 

accuracy of displacement mould curve approximation 

has been analyzed with the use of the function 

proposed by S. P. Kolbenkov. As a result, 

dependencies of this function's parameter error on 

the stated factors have been obtained. Based on the 

established dependences, features of and general 

recommendations to approximation of the field data 

are described. Also, based on the performed analysis, 

conclusions are made about the required accuracy of 

geodetic monitoring of the displacement process 

during monitoring of deformation of the undermined 

sites. 
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1 Introduction 
Currently, one of essential conditions for 

efficient and safe execution of both mining operations 

and works related to underground construction is the 

need of considering their harmful impact on the 

undermined surface. It is obvious that neglecting this 

issue may result in adverse and even disastrous 

consequences for both the workings and the structures 

within the area of mining works [5, 9]. 

The classic, most reliable and having no 

alternative way of qualitative and quantitative 

determination of the extent of the harmful effects of 

mining on the ground surface is full-scale surveying 

and geodetic observation [6]. 

In spite of development of modern remote probing 

methods of surveying [13] that allow to determine the 

position of the monitored object in space almost totally, 

the most applicable way of monitoring the process of 

displacement is the monitoring with the use of specially 

organized observation stations. The decisive advantage 

of this approach is the possibility of determining a set 

of fixed points in space, by the magnitude of 

displacement in time of which one can make a 

conclusion about intensity of the deformation processes 

in the observed area. Complexity and non-linearity of 

the deformation processes occurring in the undermined 

coal seam do not always allow to consistently assess 

the position of the undermined surface by simple data 

interpolation and extrapolation [11]. 

2 Relevance  
The logical way of resolving this problem is 

approximation of discrete displacements determined 

by field observations with a certain curve or a surface, 

which allows obtaining the numerical value of the 

characteristic of interest at an undefined point in 

space [1, 4, 5, 11]. 

It is obvious that adequacy of the result will 

directly depend both on the quality and 

representativity of the sample characterized by the 

number and the positions of the reference points, 

correspondence of their displacement to the 

deformation of the earth's surface, and on coherence of 

the type of the approximating function, which 

determines the general trend of the form describing 

the curve displacement mould. 

In the national practice, displacement of the 

earth's surface is usually described with the use of the 

function proposed by S. P. Kolbenkov for typification of 

the moulds formed during development of coal 

deposits [3]: 
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where z=x/L; 

x is the distance from the point of interest to the 

point of the maximum subsidence taken as the center 

of the mould or the starting point of flat bottom 
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formation; 

L is the length of the semi-mould; 

a, b, c are constant coefficients that determine 

the shape of the curve. 

Expression (1) is a complex exponential-power 

function, with an exponential function as an integral 

part of the power. Generally, both types of these 

functions are rapidly raising, which imposes 

particularly high requirements to the accuracy of 

finding coefficients a, b, c. 

The tabular values of these coefficients have 

been determined for major coal basins, based on 

statistical processing of many years' regular 

instrumental observations for a number of observation 

stations [5]. It is obvious that in modern technological 

and economic realities of mining and underground 

construction, it seems impossible to collect statistical 

material of the same quality. 

In addition to the above, it should be noted that 

increasingly strict requirements are currently imposed 

on the accuracy of the mathematical description of the 

deformation processes. This is mainly caused by the 

peculiarities of mining operations accompanied by 

undermining of many engineering constructions, 

communications and residential buildings, and, in 

some cases, by the need to perform underground 

construction in restrained urban conditions areas. 

Summarizing the above, one can make a 

conclusion about the necessity to find a reliable way of 

assessing the degree of confidence in the reliability of 

the results, an important step towards obtaining 

which is determination of errors in the coefficients of 

the approximating functions for various random 

conditions. 

3 P

Problem statement 
Function (1) describes the nature of changes in 

subsidence in the semi-mould, depending on the 

distance of the point from the center. As proposed by 

Kolbenkov, it is normalized and reduced to the unity 

(the value of argument (z) and function (S), in which it 

is in the limits between 0 and 1). For transferring from 

the standard curve to a specific semi-mould, one has to 

obtain the value of argument z, which requires 

normalization of the distance between the required 

point x and the point of the maximum subsidence, 

dividing it by the length of semi-mould L, after which 

the value of function S obtained as a result of 

calculation is to be multiplied by the value of 

maximum subsidence in the mould ηmax [3]. 

Thus, to use expression (1) directly, one has to 

have previously defined values L and ηmax. In practice, 

they are derived from the parameters of excavation, 

the nature of the geological structure of the massif and 

the boundary criteria that, when exceeded, allow to 

consider subsidence of the earth's surface insignificant 

and not threatening the undermining structures [11]. 

By narrowing the range of tasks to the 

mathematical description of the semi-mould according 

to the values of actual subsidences obtained as a result 

of monitoring, let's consider function (1) in expanded 

form: 
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Expression (2) has five unknown parameters, 

which can be divided into two groups: 

 The parameters characterizing the size of the 

mould (L and ηmax). 

 The parameters characterizing distribution of 

subsidence inside the mould (a, b, c). 

In the further solution of the problem let's 

determine the influence of mould size (through 

parameters L and ηmax) and the error of determining 

the subsidence at reference points mη on the error in 

calculating parameters a, b, and c. 

4 Research methods 
The error of function (2) parameters was 

determined with the use of the Monte Carlo statistical 

method [2]. A stochastic mathematical model has been 

built for this purpose, where distortion was randomly 

introduced into the real values of subsidence in 

accordance with the law of normal distribution.  

The values calculated with the use of expression 

(2) for the parameters fixed inside each model were 

taken as true values of soil subsidence. The distorted 

data was approximated by the method of least 

squares. 

The values equal to the parameters inherent in 

the model were taken as initial, preliminary values of 

equalized parameters. Thus, the corrections obtained 

as a result of equalization are consistent with the true 

errors of the parameters obtained as a result of 

experimental data approximation. This allows using 

the Gauss formula for further calculation of their 

standard error, thereby increasing efficiency of 

assessment with a limited sample size. 

The following factors that determine the degree 

of changing the error of determining the parameters 

during equalization were examined:  

 length of the semi-mould L; 

 the normalized value of subsidence error, 

defined as the quotient of the reference point 

subsidence error (mη) to the value of the maximum 

subsidence (ηmax): 

 

max

m
m 

. (3) 

It is important to note that the physical 

meaning of value mη should be defined as the result of 

the cumulative influence of errors of instrumental 

observations in monitoring, and non-correspondence of 

the actual displacement of the earth's surface to the 

displacement of the observed reference point caused by 

external reasons, an example of which can be internal 

rigidity of the undermined buildings, where the 

observed reference points are placed. 
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Given the mechanical complexity of the process 

of undermined massif deformation and the protected 

structures on it, it is obvious that it is impossible to 

establish the value of mη absolutely strictly, and 

generating it in accordance with the law of normal 

distribution is only possible for the first approximate 

solution of the considered problem. In fact, value mη 

should be considered in further studies as a random 

variable determined by the combined influence of 

several independent distribution laws: the normal law 

(determining the errors of instrumental observations 

in monitoring) and some law that defines non-

conformance of deformation of the reference point on 

the undermined surface. Establishing the second of 

these laws is only possible in case of statistical 

processing of the results of actual field observations; 

however, it is complicated by the interdependence of 

separate subsidences obtained from the reference 

points on the same hard-linked structures 

(foundations and basements of the same buildings, 

etc.). 

Rationality of choosing the reference point error 

m (3) as a measure of the variation of the relative 

value instead of the standardized mη one is 

determined by an explicit change in the reference 

points scattering, relative to the estimated curve when 

changing parameter ηmax determining the maximum 

subsidence in the mould. It is clearly shown on the 

diagrams in Fig. 1. 

 

 
(a) 

 

 
(b) 

 

Fig1: Scattering of reference points subsidence relative to 

the true mould at constant standard error mη=0.005 m, and 

the maximum subsidence in the mould ηmax=0.5 m (a) and 

ηmax=0.05 m (b) 

5 The results of the study  
The first part of the study includes 

determination of the degree of mould L size influence 

on the errors of determining parameters of the S. P. 

Kolbenkov's function (2). To ensure the maximum 

independence of implementations for each calculation, 

except for generating a random distortion in 

subsidence, in compliance with the uniform 

distribution law, the position of the reference points 

inside the mould was determined. 

For each level of factor (value of L), the values of 

the remaining parameters of the function remained 

constant. The total of 12 levels was considered for 

values L equal to 1 m, 5 m, 10 m, 20 m, 30 m, ... 100 

m. For each level of the factor, the sample size of 10 

realizations was determined. 

The results of performed single-factor analysis 

of variance are shown in Table 1. 

 

  
Studied symptoms 

mηmax mL ma mb mc mR2 

Factual 0.600 3.628 0.768 1.013 1.089 1.165 

Ftheor 1.878 

Table 1: The Results Of Single-Factor Analysis of Variance 

of the Influence of Changes In Parameter L on the Accuracy 

Of Determining Parameters of Function (2) at the 

Significance Level of 0.05 

From the results of the analysis shown in Table 

1, it can be seen that the calculated statistical value F 

for parameters ηmax, a, b, c, R2 does not exceed the 

upper critical value of the F-distribution equal to the 

analyzed conditions of 1.878. Therefore, there is no 

reason to reject the hypothesis of equality of average 

values of these parameters obtained at each level of 

the considered factors. As a result, one can make a 

conclusion about the absence of influence of the length 

of mould L on the average values of errors in 

determining these parameters during approximation 

of field observations data (assuming equality of 

standard error (root mean square error) of the specific 

subsidence between processed reference points). 

The value of F-statistics for parameter L 

significantly exceeds the limit value of the critical 

area. In fact, for this value, the null hypothesis about 

equality of the average values is achievable with the 

significance level not exceeding the value of 0.0002 [2]. 

Thus, according to the findings of modeling, one 

should allow the existence of a relationship between 

the length of mould L and the value of error in 

determining it in case of approximation (mL) (Fig. 2). 

 

 
 

Fig2. Dependence of the average standard error in 

determining the length of semi-mould mL on its length L 
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Considering the dependence diagram shown in 

Fig. 2, one can make the conclusion that in case of 

mould approximation by the values of subsidence 

obtained within the displacement area, the size of the 

estimated mould is underestimated on the average by 

about 10%. Thus, we can conclude that for minimizing 

the risk of inaccurate definition of the displacement 

area boundaries, the area covered by the deformation 

reference points should be increased 1.1 to 1.2 times, 

relative to the expected area of displacement. 

The second part of the work is focused on 

determining the effects of errors present in the initial 

subsidence of the reference points – m, on the accuracy 

of approximation (3). The diagrams of the dependences 

are shown in Fig. 3. The standard error of the 

parameters in expression (2) was determined for three 

options involved in the decision, the approximated 

number of reference points, uniformly distributed 

within the mould. 

6 Conclusion  
The dependencies shown in this work may be 

used for assessing validity and reliability of the results 

of typification and mathematical description of 

the displacement area obtained by synthesis of field 

data. 

It should be noted that the estimates of the 

errors in the parameters of function (2) are most 

possibly optimistic, as they are based on the 

assumption that the geometry of the semi-mould is 

exactly described by the function of S. P. Kolbenkov. 

The apparentness of the fact that no mathematical 

dependence, no matter how complex and carefully 

selected, can accurately describe complexity of the 

displacement process, naturally, results in 

overestimation of the estimates' precision in 

mathematical modeling, and is, unfortunately, 

inevitable for current formulation of the problem. 

The results of the study make it possible to 

determine the allowability of generalization and 

typification of various deformation processes that 

occur in the undermined surface, to assess quality of 

the resulting estimates of the displacement process 

parameters, and to serve as a basis for planning mine 

surveying and geodetic observations in monitoring the 

undermined objects. 
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